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Abstract
A good hundred years after the necessity for a quantum theory of gravity was acknow-
ledged by Albert Einstein, the search for it continues to be an ongoing endeavour.
Nevertheless, the field still evolves rapidly as manifested by the recent rise of quantum
gravity phenomenology supported by an enormous surge in experimental precision.
In particular, the minimum length paradigm ingrained in the program of generalized
uncertainty principles (GUPs) is steadily growing in importance.
The present thesis is aimed at establishing a link between modified uncertainty rela-

tions, derived from deformed canonical commutators, and curved spaces - specifically,
GUPs and nontrivial momentum space as well as the related extended uncertainty
principles (EUPs) and curved position space. In that vein, we derive a new kind of
EUP relating the radius of geodesic balls, assumed to constrain the wave functions in
the underlying Hilbert space, with the standard deviation of the momentum operator,
suitably made compatible with the curved spatial background. This result is gradually
generalized to relativistic particles in curved spacetime in accordance with the 3+1
decomposition, thereby relating semiclassical gravity with the EUP.
The corresponding corrections to the relation in flat space depend on the Ricci

scalar of the effective spatial metric, the lapse function and the shift vector, as well as
covariant derivatives thereof. The ensuing inequality is evaluated in Rindler, de Sitter
and Schwarzschild backgrounds, at lowest approximation leading to identical effects, as
well as to rotating geometries like Kerr black holes and their analogues in higher-order
theories of gravity.
In a sense pursuing the inverse route, we find an explicit correspondence between

theories yielding a GUP, possibly including a noncommutative geometry, and quantum
dynamics set on non-Euclidean momentum space. Quantitatively, the coordinate non-
commutativity translates to momentum space curvature in the dual description, al-
lowing for an analogous transfer of constraints from the literature. However, a com-
mutative geometry does not imply trivial dynamics; the corresponding types of GUP
lead to a flat momentum space, described in terms of a nontrivial basis, permitting
the import of further bounds.
Finally, we find a formulation of quantum mechanics which proves consistent on the

arbitrarily curved cotangent bundle. Along these lines, we show that the harmonic
oscillator can, given a suitable choice of operator ordering, not be used as a means to
distinguish between curvature in position and momentum space, thereby providing an
explicit instantiation of Born reciprocity in the context of curved spaces.
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1 Introduction 2

1. Introduction
The considerations around which this thesis is centered are situated well within a
particularly old field of research. As early as 1916, in his famous paper on gravitational
waves Albert Einstein observed that

it appears that the quantum theory must modify not only Maxwell’s elec-
trodynamics but also the new theory of gravitation. [8]

At the time the development of such a theory was thought to be a necessary but
straightforward step, a sentiment well palpable in Wolfgang Pauli’s and Werner Heis-
enberg’s remark from 1929:

Let it be mentioned that a quantization of the gravitational field, while ap-
pearing to be necessary on physical grounds,[. . . ] should be feasible without
new difficulties. [9]

Unfortunately, history has proven them wrong.
Now, almost a hundred years later, this problem continues to attract generations

over generations of practitioners of fundamental physics. Nevertheless, the end of this
endeavour is not even remotely in sight. On the contrary, new results stemming from
a plethora of approaches continue to amaze even the most pragmatic researcher. How-
ever, the interest of the community is slowly diverging from developing new approaches
to finally discussing observables.
The present thesis is intended to be a step towards understanding some of the

peculiarities of quantum gravity in the phenomenological context to finally try and
find paths towards experimental falsification of some of its underlying concepts. First,
however, we need to understand why we need quantum gravity and why it has become
such a challenge to find a suitable candidate.

1.1. Insurmountable inconsistencies
The world is quantum. In particular, the fundamental laws underlying the standard
model, describing all of matter and its interactions between sizes of 10−22 m (largest
possible radius of the electron compatible with observation [10]) and the millimeter
scale (smallest detected gravitational source [11]), are expressed in the language of
quantum field theory. The classical environment we perceive arises from this framework
following a highly nontrivial, yet consistent limiting procedure.
The other pillar of modern physics, Einstein’s theory of general relativity, in contrast,

is an inherently classical framework, providing an understanding of the very large, i. e.
astrophysical and cosmological, scales. From the microscopic perspective, however, it
tells a tale of incoherence as was famously proven by Hawking and Penrose [12, 13]. In
particular, gravitational collapse inevitably ends up in a singularity, thereby breaking
the smooth manifold structure at the very heart of the theory. Similar considerations
hold for the beginning of the universe. In other words, general relativity predicts its
own demise.
Following the reductionist approach, that proved so successful in the development of

the standard model, we should expect that there is an underlying microscopic theory
coupled to matter, from which Einstein’s equations emerge through coarse graining.

2



1 Introduction 3

Since Niels Bohr’s and Léon Rosenfeld’s study on the measurability of the electromag-
netic field [14], published in 1933, there has been a successive development of more
and more convincing arguments, implying that classical and quantum theories cannot
be coupled to each other [15–17] consistently (c. f. Ref. [18, 19] for a different view).
Hawking, for example, pointed out an explicit paradox leading to loss of information
in black hole evaporation [20], which would be in stark contradiction with quantum
theory, when trusting this semiclassical approach up to high energies [21]. No less
problematic, it can only be applied to semiclassical states. What, for example, would
be the gravitational field of an object in a superposition of distinct locations [22]?
Apart from that, there is indirect experimental evidence for quantum gravity under
the assumption of an interpretation of quantum mechanics involving unitary evolution
[23]. These and more arguments are explained in more depth in the recent review [24].
Summarizing it in Richard Feynman’s words,

it seems clear [. . . ] that we’re in trouble if we believe in quantum mechanics
but don’t quantize gravitational theory. [25]

Evidently, the need for such a theory was established early on. How did the same
Feynman around the same time thus come to the point of expressing his anger and
disbelieve in a letter to his wife as

Remind me not to come to any more gravity conferences! [26]

1.2. Quarrels with quantum gravity
Quantum gravity is hard. The holy grail of this research program would be a theory,
capable of describing everything down to scales characterized by the Planck units,
which are constructed from the speed of light c, Newton’s constant G and Planck’s
constant ~, representing relativity, gravity and the quantum, respectively, and quantum
general relativity together. As a matter of fact, Planck himself immediately realized
the importance of the "new" units (George Stoney had invented a similar system before
[27]) when introducing his constant in 1900, stating that they

necessarily retain their significance for all times and for all cultures, even
alien and non-human ones. [28]

Throughout this thesis, we will mainly encounter measures of distance and energy,
rendering it instructive to express them in terms of the Planck length and the Planck
mass

lp =
√
~G
c3 ≈ 1.6 ∗ 10−35 m, mp =

√
~c
G
≈ 2.2 ∗ 10−8 kg, (1.1)

while the speed of light will hereafter be set equal to one. It was claimed above that the
standard model retains its validity down to distances of 10−22 m. To be more precise,
this value marks the limits of our experimental precision. In order to get an impression
of the minuteness of the Planck length, note that it is situated 13 orders of magnitude
below this, as of yet, highest ever achieved accuracy.
For comparison, ordinary quantum field theories, on the one hand, are placed on an

a priori existing stage. The underlying Minkowskian spacetime manifold and its global
Poincaré symmetry are indispensable, e. g. for the particle-concept and the definition

3



1 Introduction 4

of scattering processes. On the other hand, in general relativity it is the stage itself
that becomes the actor. Einstein’s field equations dynamically relate spacetime to the
distribution of matter and energy - to echo Wheeler’s popular bon mot

Spacetime tells matter how to move; matter tells spacetime how to curve.
[29]

Granted, the weak field-limit provides a way to deal with linearized gravity on flat
spacetime, i. e. excitations as gravitational waves, and thus retain the advantages of
perturbative quantum field theory [30, 31]. In fact, this is exactly what Heisenberg
and Pauli had in mind in the above statement. Yet, it should not come as a surprise
that this approach cannot be the last word, but should be understood as an effective
theory well below the Planckian regime.
In particular, perturbative quantum gravity is nonrenormalizable at two loops [32,

33]. Ipso facto, the theory requires the experimental determination of an infinite
amount of coupling constants beforehand to describe processes at the Planck scale,
rendering it devoid of any predictive value. In other words, every renormalized amp-
litudeM, measured at some energy E, has to be expanded in a series of the form

M =
∑
n

Mn

(
E

mp

)2n

, (1.2)

which clearly needs an infinite amount of input above the Planck scale. Fundamental
reasoning about gravity can, therefore, only be of the nonperturbative kind.
Wheeler’s statement further touches upon the universality of gravity. According to

the equivalence principle [34, 35], the interaction couples to all kinds of mass and en-
ergy, including itself. Additionally the assumption of the weak energy condition [36, 37],
i. e. the nonnegativity of the energy-density perceived by timelike observers, consist-
ently precludes screening. Correspondingly, Einstein’s equations in and of themselves
are highly nonlinear, and cannot be solved in general. Needless to say, at the Planck
scale, it is expected that the concept of spacetime itself loses its meaning, leading to
a possibly fractal behaviour [38]. Correspondingly, it is not even known whether the
ground state of quantum gravity can be understood as a flat manifold as assumed in
the perturbative context - more on this below.
Running the risk of becoming redundant, quantum gravity is hard. Unfortunately,

the traditional, perturbative approach fails, necessitating nonperturbative ansätze. In
situations alike, the theory community usually asks the experimenters for guidance.

1.3. What about experiments?
Gravity is weak. In fact, everybody who has succeeded in countering the effect of the
whole planet by lifting up a coin with a permanent magnet knows this. To quantify
exactly how weak it is, compare the acceleration a induced by the gravitational and
the electrostatic fields between a proton and an electron, known through Dirac’s large
number hypothesis [39],

agrav

ael
∼ 10−39. (1.3)

The difference in strength between the interactions amounts to a whopping 39 orders
of magnitude. In that vein, the first quantum gravitational correction to the amplitude

4
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Figure 1: Some of the different approaches to quantum gravity and their main connec-
tions.

(1.2) when evaluated at the energy scale of the Large Hadron Collider at CERN, i. e.
the most extreme conditions ever devised by humankind, is of the order 10−32. This
is why, the standard model proves so precise at microscopic scales in the first place.
Unfortunately, this is also why experimental progress has been limited thus far. Worse
even, Freeman Dyson gave a coherent argument that a detector capable of finding
gravitons, the hypothetical mediators of gravity in the weak-field limit, practically has
to be so dense as to collapse to a black hole [40, 41]. Similarly, in accordance with
Penrose’s cosmic censorship conjecture [42] it is believed that regions of exceedingly
strong curvature like black holes, the natural arena of quantum gravity, are generally
veiled by horizons.

1.4. Quo vadis quantum gravity?
Where there is little headway through observation, the opportunities for creative reas-
oning blossom. In the gravitational case, this has lead to myriads of candidate com-
pletions in the ultraviolet, some of which and their interrelations are displayed in Fig.
1. All of these approaches differ in their underlying assumptions. Some, like quantum
geometrodynamics [43, 44], loop quantum gravity [45–47] and the related spin foam
models [48] focus on diffeomorphism invariance, leading to the problem of time [49,
50] and possibly nonunitary evolution. Others are manifestly unitary but only defined
perturbatively like superstring theory [51], or explicitly break diffeomorphism invari-
ance like Hořava-Lifshitz gravity [52]. Holography, i. e. the AdS/CFT correspondence
[53, 54], causal dynamical triangulations [55], asymptotic safety [56, 57] and through
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this principle Euclidean quantum gravity [58–60], on the other hand, are supposed to
provide the means to satisfying both properties at the same time.
To put it in a nutshell, there is a wide variety of approaches, some heavily interrelated

and depending on each other, others so distinct that it is hard to even find a common
language, not to say shared objectives. This issue as well of some of the discontent
resulting from the competition between the different communities can, for example, be
inferred from a recently published series of interviews with some of their representatives
[61]. How, then, can the field as a whole find a way out of this dilemma?

1.5. A new philosophy: quantum gravity phenomenology
These times, the focus of parts of the community is starting to shift from futile debates
about the correct approach to finding commonalities, thereby obtaining comparably
robust predictions of the concept of quantum gravity itself. A first example of this over-
arching endeavour may be seen in the reduction of the spectral dimension of spacetime
at the Planck scale, displaying its fractal behaviour, which has been investigated from
manifold perspectives [62–68] after its discovery in causal dynamical triangulations
[38].
According to this new school of thought, developed since the late 1990s [69], Planck

scale effects need not be out of reach of current sensitivity when exploiting natural
mechanisms of amplification. This observation points towards the essence of the pro-
gram of quantum gravity phenomenology [70, 71], which itself has been boosted by
strong recent progress on the experimental side [69].
On the one hand, the resulting predictions may stem from perturbative quantum

gravity. Recently, for example, there have been a number of proposed experiments [72,
73] intended to finally settle the debate about the need for a quantization of gravity,
mentioned above. In that vein, the authors want to answer the question whether gravity
can mediate entanglement between two coherent macroscopic objects, which would
amount to an indirect observation of a quantum mechanical mediator, i. e. gravitons.
Evidently, in this case, the effect is amplified by the number of involved constituents.
On the other hand, the extreme conditions caused by collisions involving very-high-

energy gamma rays [74] of natural origin as well as the long travel times of gamma
ray bursts from very distant sources [75] serve as probes of nonperturbative effects,
among which we find the very subject of the present thesis, an idea, which has been
inherent to the discourse on quantum gravity since its very beginnings.

1.6. Quantum spacetime and the minimum length-paradigm
Can we divide space into ever smaller parts? This question has daunted philosophers
and mathematicians alike since the conception of Zeno’s paradox in antiquity [76, 77].
Sure enough, it is possible to imagine a continuous line. However, as David Hilbert
put it

[a] homogeneous continuum which admits of the sort of divisibility needed
to realize the infinitely small is nowhere to be found in reality. [78]

In other words, experience can show space to be discrete; yet, its continuity can never
leave the realm of the metaphysical. In fact, this mere idea has troubling consequences
for fundamental physics, which where echoed in Feynman’s question:

6



1 Introduction 7

Why should it take an infinite amount of logic to figure out what one tiny
piece of spacetime is going to do? [79]

To be precise, the mathematical concept of spacetime manifold, or space for that
matter, embraces a notion of infinity. In that sense, from Newtonian mechanics to the
quantum field theories in the standard model, every physical theory has been staged
on a union of an infinite number of zero-dimensional points. The infinite, however, a
priori exceeds our sensitivity.
Since the first steps towards a quantum theory of gravity [80, 81] were being taken,

it has been clear that such an endeavour would question some of the most strongly
held principles underlying physics as it was known at the time. Among those may as
well be the continuous accessibility of spacetime itself. In the words of the father of
quantum gravity, Matvei Bronstein,

the possibilities of measurement are even more restricted than those due to
the quantum-mechanical commutation relations. Without a deep revision
of classical notions it seems hardly possible to extend the quantum theory
of gravity also to this domain. [81]

By pure reasoning on the concepts behind quantum mechanics and general relativity,
he had thus arrived at the conclusion that the fundamental accuracy of measurements
of positions and momenta proved even more constrained than in quantum mechanics
alone. Effectively, he had found a minimum length.
Even earlier, Werner Heisenberg had been trying to deform the canonical commut-

ation relations underlying textbook quantum mechanics [82, 83] to allow for noncom-
muting coordinates in order to cure divergences in the self-energy of the electron [84,
85]. Clearly, this assumption implied a nonvanishing uncertainty relation for position
measurements – a minimum length in the form of what is nowadays called a generalized
uncertainty principle (GUP). Yet, according to his understanding, such a limitation
could not be implemented in a relativistically invariant way due to Lorentz contrac-
tions of the scale. Shortly after, similar considerations lead Gleb Wataghin to inventing
nonlocal field theories which, though Lorentz covariant, allowed for acausal behaviour
[86].
These difficulties were remedied by Hartland Snyder [87–89]. inventing the first

Lorentz invariant theory of noncommutative geometry. Yet, even when it had been
put on much firmer conceptual ground by the inclusion of gravity into the Heisenberg
microscope gedankenexperiment by Alden Mead [90, 91], the idea did not catch on
immediately.
All of which goes to say that the intuition behind the minimum length concept had

been present a long time before its rediscovery and subsequent popularization through
a series of results in string theory [92–96] reflecting its emergence in string scattering
processes at very high energies. Since then, there has been evidence, connecting it
to the low-energy regimes of quantum group theory [97], noncommutative geometry
[98, 99], loop quantum gravity [100–104], Hořava-Lifshitz gravity [105–107], causal
dynamical triangulations [108] and supersymmetry breaking [109].
We stress, however, that it is not necessary to revert to specific approaches to lend

support to the GUP. Instead, it suffices to consider combined insights from general
relativity and quantum mechanics [90, 91, 110–123] or invoke effective field theory
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[124, 125] to motivate it in a theory agnostic fashion. Thorough collections of all sorts
of motivations can be found in the reviews [126–128].
For the purpose of this thesis, we will contend ourselves with a simple argument

of scales put forward for example in [112, 129]: Both relativistic quantum mechanics
and general relativity predict independent limits to the localizability of free particles
of mass m (we resort to a somewhat sloppy usage of the concepts of particle and
mass here), the reduced Compton wavelength λC = ~/m and the Schwarzschild radius
rS = 2Gm, respectively. Clearly, those length scales are inversely proportional to each
other, thus governing different regimes. While the reduced Compton wavelength is
dominant for particles of small mass, the limiting size of every day-objects is governed
by their Schwarzschild radius. This implies that there has to be minimum in between,
where both limits exactly equal each other. As expected, this occurs around the Planck
scale, i. e. lmin ∼ lp. As an example for a generalized limiting length, the sum of the
Schwarzschild radius and the reduced Compton length llim = rS + λC is compared to
both isolated quantities in Fig. 2. Thus, taking into account both general relativity and
quantum mechanics, it is impossible to resolve distances smaller than this minimum
length. Evidently, this kind of argument cannot in and of itself fix its exact value,
which presumably will be predicted from a fully-fledged theory of quantum gravity.
Indeed, it should rather be understood as an order-of-magnitude estimate.

1
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Figure 2: The reduced Compton wavelength λC (dashed) and the Schwarzschild radius
rS (dotted) as functions of the object’s mass. The simple superposition of
both, llim, understood as possible interpolation is displayed as black line and
its minimum marked by a point.
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Not knowing its exact value, does not prevent theorists from trying to formalize the
consequences of the idea in framework such as the GUP, Lorentz invariance violation
(LIV) and deformed (or doubly) special relativity (DSR).

1.7. A world of acronyms: GUP, LIV and DSR
In which way the minimum length is implemented is open for debate. The first step
– changing Einstein’s famous dispersion relation p2 = m2, with the magnitude of
the relativistic four-momentum p and the rest mass m – is relatively uncontroversial.
However, a modified dispersion relation alone implies a breaking of Lorentz invariance.
Therefore, the resulting theories collected in Alan Kostelecký’s standard model exten-
sion (SME [130]) are by far the most radical and, therefore, most constrained ones [71,
131].
On the other hand, the year 2000 marked a breakthrough when Giovanni Amelino-

Camelia found a deformation of Einstein’s special relativity which allowed for the
inclusion of an invariant length scale [132]. In that vein, the Lorentz transformations
themselves, i. e. the algebra of Lorentz generators, are deformed such that they comply
with the modified dispersion relation [133], yielding the name DSR [134–136]. Inter-
estingly, Snyder’s model [87, 88] encountered above is just an instance of exactly this
theory [137], which may, in fact, also be directly derived from the solvable toy model
of quantum gravity in three dimensions [138].
Irrespective of relativistic completion, the essence of the minimum length is for-

mulated in terms of GUPs in nonrelativistic quantum mechanics [139, 140]. In fact,
Lorentz invariance violating as well as deforming theories immediately imply a modi-
fied dispersion relation and correspondingly, a GUP [141].
A short argument shows that the minimum length may not be the only funda-

mental impediment to measurements induced by gravity. As the observable universe
has an apparent horizon, there is a maximum conceivable length for causal connection
of structures, characterized by the radius of the cosmological horizon rH . This can
also be understood as a maximal wavelength and, therefore, with Louis de Broglie
[142], a minimal momentum. Note, however, that this assumption does not require
any input from quantum gravity and should therefore be derivable from semiclassical
considerations.
By analogy with the GUP, systems modified by the maximal wavelength are de-

scribed by quantum mechanical theories exhibiting so-called extended uncertainty
principles (EUPs) [143–147]. Correspondingly, the synthesis of both approaches leads
to generalized extended uncertainty principles (GEUPs) [148–150].
Modifications to Heisenberg’s relation shall not be the only subject of the present

thesis, however. We would rather like to build a bridge between these and theories
of quantum mechanics on curved background manifolds, in particular between curved
momentum space and the GUP.

1.8. Curved momentum space
That geometry may depend not only on the position but also on the direction of
motion is a very old idea, which is only gradually attracting attention within physics.
The first record of it in mathematics dates back to Bernhard Riemann’s habilitation

9



1 Introduction 10

dissertation [151]. Later, it was mainly developed by Paul Finsler [152] and Éllie Cartan
[153]. An overview of this topic, these days subsumed under the terms Lagrangian and
Hamiltonian geometry, can be found in Refs. [154, 155].
From the physical point of view, it was Max Born [156, 157] who observed that

quantum mechanics, as well as Hamilton mechanics for that matter, is invariant under
the exchange of positions x̂ and momenta p̂

x̂→ p̂, p̂→ −x. (1.4)

Owing to the term reciprocal lattice in the theory of condensed matter, these days this
duality carries the name "Born reciprocity". According to his reasoning, it is the theory
of general relativity which breaks this symmetry by curving space alone. Therefore,
a successful unification of gravity and quantum mechanics had to involve curving
momentum space, thereby restoring the duality. Note that this would also involve an
invariance of the dynamics under diffeomorphims in momentum space. However, there
have been recent claims that this symmetry is not realized in nature when considering
active transformations [158, 159].
Born’s line of reasoning was further developed mainly by Yuri Gol’fand [160–163]

and Igor Tamm [164, 165]. From the mathematical side the said endeavour lead to
the theory of quantum groups [166–170]. Furthermore, the canonical quantization of
theories on curved momentum space was treated in Refs. [171–173]. These efforts
culminated in their recent application to quantum gravity phenomenology [174–176]
on the one hand. On the other hand, they paved the way for the construction of Born
geometry [177–181], which captures all mathematical structures behind Hamiltonian
mechanics (symplectic), quantum theory (complex) and general relativity (metric) at
once.
How, then, are these ideas connected to the GUP? As all required concepts have

been introduced, it is time to describe the aim of the present work.

1.9. This thesis - from curved manifolds to modified uncertainty
relations

It had been known early on that DSR could be expressed as a theory of a de Sitter-
shaped momentum space [182, 183]. Similarly, Finsler geometry (dual to curved mo-
mentum space) is often understood as a typical culprit of LIV. The present thesis is
intended to create an analogous link between theories of nontrivial momentum space
and GUP-deformed quantum mechanics. We want to answer the question: can we es-
tablish curved momentum space as the overarching principle connecting all areas of
quantum gravity phenomenology related to the minimum length (c. f. Fig. 3)?
In that vein, we will first introduce quantum mechanics on curved backgrounds in

section 2 in accordance with the approach invented by Bryce DeWitt [184]. Further-
more, the theory of GUPs and EUPs and the underlying deformations to quantum
mechanics are reviewed in section 3. Along these lines, we also explain how practi-
tioners usually extract phenomenology out of the said models. Correspondingly, we
provide up-to-date constraints on the corresponding parameters, i. e. the minimum
length, and display a the typical example of this phenomenological reasoning, which
the author presented during his studies in the context of a simple model of the deu-
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Figure 3: Curved momentum space as the connecting principle of the different expres-
sions of the minimum length-concept.

teron. Note that the said section as well as parts of this very introduction may be
understood as a fairly comprehensive review of the literature on GUPs and EUPs that
came up during the PhD studies and therefore has, in the author’s view, developed its
own encyclopaedic value as a matter of convenience for other researchers in the field.
This explains the extraordinarily large number of references appearing in both.
In section 4 we show that an extended uncertainty relation can be derived from

a curved three-dimensional background space alone without prior deformation of the
canonical commutation relations. The reasoning behind this result includes bounding
the studied Hilbert space to a compact domain, specifically to a geodesic ball. Cor-
respondingly, the ball’s radius serves as a measure of position uncertainty. Then, the
standard deviation of the momentum operator develops a lower bound, which is de-
pendent on exactly that radius, yielding the desired uncertainty relation. This idea is
generalized to nonrelativistic particles in curved spacetime in section 5, thereby relat-
ing the result directly to gravity. Section 6 is intended to further extend the obtained
inequality to relativistic quantum probes. Thus, we obtain a relativistic EUP induced
by semiclassical gravity, exactly as mentioned above. Note that, by the Born reciprocal
property of quantum mechanics, these findings can be immediately translated into the
language of curved momentum space and GUPs. As the relation itself is quite involved,
we apply it to several important spacetimes – accelerated observers, the cosmological
horizon and rotating universes and massive bodies or black holes in general relativity
as well as quadratic and infinite-derivative gravity – in section 7.
This link is understood as motivation for further investigation not only of the un-

certainty relations but of the underlying algebra of observables. Hence, in section 8
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we find a direct map from theories involving GUP-deformed commutation relations
to quantum mechanics on nontrivial momentum space – the most important result
of the present thesis. Accordingly, to second order in the Planck length the curvature
in the momentum space underlying the dual description is proportional to the non-
commutativity of the coordinates in the original one. Therefore, we use bounds on the
latter to constrain the former. This does not imply, however, that a commutative set
of coordinates leads to a trivial result. On the contrary, as long as the original theory
predicts a GUP, the basis in momentum space deviates from the canonical one in a
nonlinear way, making it possible to compare to existing data on the minimum length.
As an aside, the given map defines conjugate variables for any general GUP, enabling
new kinds of analysis like the path integral approach.
However, along these lines we could only make use of Cartesian coordinates. There

was just no formalism describing quantum mechanics on backgrounds which are de-
scribed by a position- as well as momentum-dependent metric as it may appear after
a general coordinate transformation (such as going to spherical coordinates). How-
ever, the results of the preceding sections imply that exactly this setting indicates
the realm of all kinds of GEUP-physics – quantum mechanics on the curved cotan-
gent bundle. The first step into the direction of such a theory is taken in section 9
by direct generalization of DeWitt’s approach. In particular, we promote the Hilbert
space measure to an operator. It is merged with the wave function to construct wave
densities by analogy with the geometric approach to quantization [185]. After finding
the position and momentum representations of the important operators in quantum
mechanics – the position and momentum operators as well as the geodesic distance
and the Hamiltonian of a single particle – with an arbitrary kind of metric and show-
ing the consistency of the formalism, we apply it to central potentials described in a
Riemann normal coordinate-like expansion. In particular, we deal with the hydrogenic
atom and the isotropic harmonic oscillator. Choosing a suitable operator ordering, the
latter in fact becomes an instance of exact Born reciprocity on the curved cotangent
bundle.

1.10. Conventions and notation
Indices from the Greek alphabet represent the d+1 spacetime dimensions, while Latin
letters indicate the d spatial ones. Furthermore, we commit to the mostly positive
signature of the spacetime metric (−,+,+,+) and implicitly express the calculations
in units, in which c = 1, while G and ~ are retained.
The Christoffel symbols of the Levi-Civita connection, derived from the metric gµν

and its inverse gµν , read

Γλµν ≡ gλσ (∂µgσν + ∂νgµσ − ∂σgµν) . (1.5)

To express the Riemann curvature tensor, we adopt the convention

R λ
ρµν ≡ ∂ρΓµνλ − ∂µΓρνλ + ΓλρσΓσµν − ΓλµσΓσρν . (1.6)

12
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Moreover the Ricci tensor and scalar are defined as

Rµν ≡ Rλ
µλν , (1.7)

R ≡ gµνRµν . (1.8)

Symmetrization and antisymmetrization of two tensorial indices, say of a tensor Tµν
are defined as

T(µν) ≡
1
2 (Tµν + Tνµ) , (1.9)

T[µν] ≡
1
2 (Tµν − Tνµ) . (1.10)

If a tensor is symmetrized over two indices which are, notation-wise not next to each
other, vertical bars indicate the indices, which are not (anti-)symmetrized over, for
example for a tensor Tµνρ

T(µ|ν|ρ) = 1
2 (Tµνρ + Tρνµ) . (1.11)

Finally, hats on quantities describe quantum mechanical operators.

13



2 Quantum mechanics on curved manifolds 14

2. Quantum mechanics on curved manifolds
The formulation of nonrelativistic single-particle quantum mechanics championed in
the average undergraduate course reveals several deficits under consideration of devi-
ations from the standard description of flat space in Cartesian coordinates. In prin-
ciple, the usage of curvilinear, e. g. spherical, coordinates suffices to create enormous
problems, which in this framework can only be solved in an ad-hoc fashion. How-
ever, following an approach invented by Bryce DeWitt [184], it is possible to provide
a consistent description of quantum mechanics in general coordinates and on curved
backgrounds.

2.1. Hilbert space
At the kinematical level the most basic ingredient for any quantum theory, be it a
single-particle or field description, is constituted by the space of allowed states, the
Hilbert space H. Thus, a general state describing a physical system, say |ψ〉 has to
be an element of H. There have been a great many studies written highlighting the
complexity those possibly infinite-dimensional spaces can accommodate for. For the
purpose of this section, though, we restrict ourselves to the relatively simple examples
appearing in the context of single particles in nonrelativistic quantum mechanics. In
particular, we are describing them in their position and momentum space representa-
tions even though the gained conclusions hold for generic continuous observables.
As measurable quantities are generally represented by self-adjoint operators, their

eigenstates, if properly normalized, furnish an orthonormal basis in terms of which
the entirety of states in H can be expressed. Exactly how this is accomplished for the
eigenstates of the position operator |x〉 is summarised in the corresponding measure of
the scalar product, say dµ. In ordinary quantum mechanics on flat space given in the
position representation in terms of Cartesian coordinates xa, the framework usually
taught in undergraduate courses, the measure trivially reads dµ = ddx, where d stands
for the number of dimensions. Yet, not only is this generally not the case, the measure
in fact constitutes a defining feature of the usually considered representation of the
single-particle Hilbert space. In that vein, the latter is usually chosen to be the space
of square-integrable functions on a given domain D with scalar product measure ddµ,
in short H = L2(D, dµ). In the aforementioned case, those ingredients are D = IRd

and dµ = ddx.
Given a Hilbert space H and two normalized states contained in it |ψ〉 ∈ H and its

dual 〈φ| ∈ H∗ the scalar product satisfies

〈φ|ψ〉 = 〈ψ|φ〉∗, (2.1)

where the superscript ∗ implies complex conjugation. Clearly, there is no measure
entering here. Thus, the measure reflects the representation that is suited to tackle the
specific system at hand, i. e. the relevant observables.

14



2 Quantum mechanics on curved manifolds 15

Assume as given a self-adjoint operator acting on the states of H with continuous
spectrum, denoted Ô, its eigenstates |O〉 and eigenvalues O. Then, those eigenstates
furnish an orthonormal basis, i. e.

1 =
∫

dµ(O)|O〉〈O|, (2.2)

|O〉 =
∫

dO′δ(O′ −O)|O′〉, (2.3)

with Dirac’s delta distribution δ(x). Note, that this is where the measure appears
first, meaning that it is conditional on the observable which is chosen to represent the
system. According to Eq. (2.2), every state |ψ〉 ∈ H can be expanded as

|ψ〉 =
∫

dµ〈O|ψ〉|O〉 (2.4)

≡
∫

dµψ(O)|O〉, (2.5)

where the last equality defines the wave function ψ(O). Thus, the scalar product (2.1)
can be represented as

〈φ|ψ〉 =
∫

dµφ∗ψ. (2.6)

Apart from it being self-adjoint and having a continuous spectrum, no assumption has
been made about the observable in question. The best-known examples for this descrip-
tion are clearly the position and momentum operators denoted x̂i and p̂i respectively.
Those are explicitly dealt with in the following subsection.

2.2. Complementary observables - position and momentum
In quantum mechanics, observables which obey a non-abelian algebra, i. e. which are
noncommuting, yield a complementary description of the treated system. For example,
we can deal with a problem either in the momentum or the position space representa-
tion. In the present section we choose to use the position basis, even though the results
also hold in the momentum basis. Furthermore, we assume that there is a (possibly
trivial) Riemannian background metric gij(x), which can be used to raise and lower
indices and contract expressions as usual.
In d spatial dimensions position and momentum are represented by vector operators,

thus requiring d-dimensional measures. The measure appearing in the definition of the
position operator is proportional to ddx such that it can be expressed as

dµ = µ(x)ddx, (2.7)

where we introduced the real positive function µ(x). The representation for the position
operator x̂i follows suit:

x̂i =
∫

ddxµ(x)xi|x〉〈x|, (2.8)
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with its eigenvalues xi and eigenstates |x〉 which satisfy

1 =
∫

ddxµ(x)|x〉〈x|, (2.9)

〈x′|x〉 =δ
d(x− x′)
µ(x) , (2.10)

in accordance with Eqs. (2.2) and (2.3).
The canonical momentum operator π̂i, on the other hand, being a complementary

observable to the position on an infinite dimensional Hilbert space, has to be repres-
ented by a derivative operator. As observables yield real eigenvalues, they have to be
symmetric. Equally so, the momentum operator should satisfy

〈φ|π̂iψ〉 = 〈π̂iφ|ψ〉. (2.11)

Furthermore, the operators classically spanning phase space should obey the Heisen-
berg algebra well-known from textbook quantum mechanics [82, 83]

[x̂i, x̂j] = 0, [π̂i, π̂j] = 0, [x̂i, π̂j] = i~δij. (2.12)

Up to a position-dependent one-form, which will be neglected throughout this thesis,
the only operator satisfying those requirements acts on wave functions as

π̂iψ = −i~ 1
√
µ
∂i (
√
µψ)ψ. (2.13)

The context within which it arises is provided in the subsequent section.

2.3. Curved spaces and curvilinear coordinates
Coordinate changes are represented by unitary transformations on Hilbert space. In
other words, the scalar product of two states 〈φ|ψ〉 is independent of the applied
system of coordinates. To respect this invariance without further complication, every
integration done in this context has to contain the volume form derived from the
background metric gij(x). Correspondingly, the measure equals

dµ =
√
g(x)ddx, (2.14)

where g = det gij. Hence, nontrivial measures appear naturally when considering sys-
tems beyond flat space and Cartesian coordinates (which imply g = 1). The position
operator can then be defined in accordance with Eq. (2.8)

x̂i =
∫

ddx√gxi|x〉〈x|. (2.15)
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As stated before (c. f. Eqs. (2.9) and (2.10)), its eigenvalues xi and eigenstates |x〉 obey
the relations

1 =
∫

ddx√g|x〉〈x|, (2.16)

〈x′|x〉 =δ
d(x− x′)
√
g

. (2.17)

Then, the momentum operator acts on wave functions like a covariant derivative on
scalar densities of weight 1/2 (c. f. section 9), i. e. [184]

π̂iψ = −i~g−1/4(x)∂i
[
g1/4(x)ψ

]
= −i~

[
∂i + 1

2Γjij(x)
]
ψ = −i~∇iψ, (2.18)

where Γkij denotes the Christoffel symbol and∇i the covariant derivative. Alternatively,
if we had started in curved momentum space, we could have performed essentially the
same derivation, yielding

x̂iψ̃ = i~g−1/4(p)∂̇i
[
g1/4(p)ψ̃

]
= i~

[
∂̇i + 1

2C
ij
j (p)

]
ψ̃ = i~∇̇iψ̃, (2.19)

with the connection coefficients Cij
k and the covariant derivative ∇̇i in momentum

space. However, within the present approach it is unclear, how to describe quantum
mechanics on a curved position space in the momentum space representation and vice
versa. This will be dealt with in section 9.
Not only the momentum operator, but also its square will be modified on curved

backgrounds. How exactly this is done is explained in the next subsection.

2.4. The free particle
As the background enters with a nontrivial scalar product measure, it should be expec-
ted that the square of the momentum operator, which enters the free-particle Hamilto-
nian, needs to be modified in similar way. Classically, this function is expressed as

Hfp = 1
2mgij(x)πiπj, (2.20)

with the mass of the particle m. Clearly, when quantized, this expression, depending
on both positions and momenta, harbours an ordering ambiguity. This kind of problem
will reappear more prominently in section 6.2. Fortunately though, there is theoretical
guidance in this case. Naturally, being the square of the momentum, the representation
of this operator should contain two derivatives. Furthermore, it should be symmetric
with respect to the measure dµ, which implies that it is a scalar quantity. Then, it can
only be represented by the Laplace-Beltrami operator

π̂2ψ = − ~2√
g(x)

∂i

[√
g(x)gij(x)∂jψ

]
≡ −~2∆ψ. (2.21)
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Yet, this only accounts for the canonical momentum. The physical one may differ as
can be gathered from section 5.2.2. Analogously, the position operator on nontrivial
momentum space reads

x̂2ψ̃ = − ~2√
g(p)

∂̇i
[√

g(p)gij(p)∂̇jψ̃
]
≡ −~2∆̇ψ̃. (2.22)

However, the combination of quantum mechanics and differential geometry harbours
some more complications, that need to be dealt with.

2.5. Vector operators and geometric calculus
Having defined the free-particle Hamiltonian and the momentum operator, all appears
to be set to start tackling problems. Yet, the definition of the momentum operator
given in Eq. (2.18), though formally correct, conceals a subtlety: Its expectation value,
being an integral over a vector, is mathematically not well defined. In particular, we
could describe the momentum in two distinct coordinate systems xi and yj, expressing
the components of a general one-form ωi of the former in terms of the latter as

ωi = ∂yj

∂xi
ωj. (2.23)

Then, the expectation value of the conjugated momentum operator in the coordinate
system xi with respect to a general state |ψ〉 would read

〈π̂i〉 =
〈
∂yj

∂xi
π̂j

〉
=
∫

ddx√gψ∗
(
−i∂y

j

∂xi
∇j

)
ψ 6= ∂yj

∂xi

∫
ddx√gψ∗(−i∇i)ψ, (2.24)

where the transformation matrix ∂ya/∂xi, being position dependent, cannot be taken
out of the integral. Thus, the expectation value is not diffeomorphism invariant, or

〈π̂i〉 6=
∂yj

∂xi
〈π̂j〉. (2.25)

This problem can be circumvented with the help of geometric calculus [186]. Expressed
in this language, one-forms are expanded in terms of basis vectors γi(x), which satisfy
the generalized Clifford algebra

{γi, γj} = 2gij, (2.26)

where the curly brackets stand for the anticommutator. These basis vectors can be
made independent of the position using the tetrad formalism [187]. Define the vielbein
eia such that

gij ≡ eai e
b
jδab. (2.27)

Further denoting its inverse as eia ≡ (eai )−1 yields

gij ≡ eiae
j
bδ
ab. (2.28)

18



2 Quantum mechanics on curved manifolds 19

Then, according to Eq. (2.26), one can choose a basis such that γa = eai γ
i 6= γa(x) and

{γa, γb} = 2δab. (2.29)

Applying all of this machinery, a one-form ω can be expressed as ω = γi(x)ωi =
γaeiaωi. Thus, using slash notation familiar from the Dirac equation, we can define the
momentum operator [188]

p̂/pψ ≡ γip̂iψ = −i~γi(x)∇iψ (2.30)

whose expectation value reads〈
p̂/p
〉

=
∫

d4x
√
gψ∗

(
−i~γaeia∇iψ

)
= γa

∫
d4x
√
gψ∗

(
−i~eia∇iψ

)
= γa

〈
eiap̂i

〉
. (2.31)

Here we could take the basis vector out of the integral because, as alluded to above,
it is independent of the positions. Thus, it suffices to add in the vielbein, i. e. describe
the system in a local Euclidean frame, to turn the expectation value of the momentum
operator into a well-defined object. In ref. [188] the operator p̂/p is shown to be self-
adjoint on curved spaces and to generate translations. Furthermore, it is proven that
its square is proportional to the Laplace-Beltrami operator

p̂/p
2ψ = p̂2ψ, (2.32)

thereby claiming the correct relation to the free particle Hamiltonian. Thus, it fulfils
all the requirements expected from the position space representation of the momentum
operator in curved space.
Having, thus, introduced all relevant operators in the curved context, the stage is set

to perform calculations within the setting of quantum mechanics on general manifolds.
However, this framework is just one side of the considerations making up the present
thesis. The other perspective is the matter of the subsequent section.
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3 Generalized and extended uncertainty relations 20

3. Generalized and extended uncertainty relations
As mentioned in sections 1.6 and 1.7, the minimal length and minimal momentum
concepts can be introduced into quantum mechanics by virtue of GUPs and EUPs,
respectively. The present section is intended to provide a more profound look into the
theory underlying these ideas. Furthermore, we show how phenomenological predic-
tions can be made under the assumption of GUP- and EUP-like deformations and
display current constraints on the relevant parameters. Correspondingly, this should
be understood as a short review of the field. As an example, we derive the GUP-
corrections to the radius of the deuteron.

3.1. Theory
In quantum mechanics fundamental measurement uncertainties of complementary ob-
servables are generally linked. This was first formulated by Heisenberg through his
celebrated uncertainty relation for positions and momenta [189]

∆x∆p ∼ ~, (3.1)

where ∆x and ∆p stand for the corresponding measures of uncertainty, respectively.
An instance of this behaviour was derived by Robertson [190] and further strengthened
by Schrödinger [191], making use of standard deviations (defined here with respect to
a general operator Ô)

σO ≡
√〈

Ô2
〉
−
〈
Ô
〉2

(3.2)

as measures of uncertainty. Given two symmetric operators Â and B̂, Robertson proved
that

σAσB ≥
1
2
∣∣∣〈[Â, B̂]〉∣∣∣ . (3.3)

For the sake of simplicity, we first consider a particle in one dimension to explain
how the minimum length and similar impediments to measurement arise. Then, we
generalize the approach to d dimensions to be able to compare it to the real world.

3.1.1. Emergence of limiting scales in one dimension

In this simple case, the canonical commutation relations imply that

σxσp ≥ ~/2. (3.4)

Under the assumption that they are modified as

[x̂, p̂] = i~f (x̂, p̂) , (3.5)

where f denotes a general nonsingular function of the position and momentum op-
erators, the uncertainty relation is altered according to Eq. (3.3). This results in the
inequality

σxσp ≥
1
2 |〈f〉| . (3.6)
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In the literature the term GUP implies a momentum-dependent function f [97, 112,
116, 192], while the EUP [143, 193, 194] and the GEUP [148, 195] require a dependence
on positions and both positions and momenta, respectively.
For GUPs the inequality (3.6) can be rewritten as

σx ≥
1
2
|〈f〉| (〈p̂〉, 〈p̂2〉)

σp
= 1

2
|〈f〉| (〈p̂〉, σp)

σp
. (3.7)

If the right-hand side of this inequality has a minimum greater than zero, this implies
that the corresponding quantum theory contains a minimum length. A different choice
of f in this context may lead to a maximal momentum. By analogy, EUPs imply
relations of the form

σp ≥
1
2
|〈f〉| (〈x̂〉, σx)

σx
, (3.8)

which may yield a minimal momentum or a maximum length. Finally, GEUPs are
supposed to combine both effects.
Phenomenologically, the function f can be expanded in terms of the involved funda-

mental length scales. Following the motivation in section 1.6, the ratio of the Schwar-
zschild radius and the reduced Compton wave length is quadratic in the mass. For
this and other theoretical reasons, the most often applied approach to the GUP in the
literature contains quadratic corrections to the Heisenberg algebra [97, 139, 143, 146,
147, 196–198]

[x̂, p̂] = i~

1 + β

(
lpp̂

~

)2
 , (3.9)

where β denotes a dimensionless parameter. Depending on the sign of β, this algebra
implies a minimum length σx ≥ 2

√
βlp or a maximal momentum σp ≤ mp/

√
−β.

Hence, the newly introduced parameter determines the size of the minimum length or
maximum momentum in units of the Planck length or Planck mass, respectively, and
is expected to be of order one to be in accordance with section 1.6.
Note that approaches yielding linear corrections to the uncertainty relations also

exist [199–203]. Furthermore, a couple of nonperturbative relations have been pro-
posed [97, 204–216]. As linear relations are not motivated as well as the quadratic
ones, and nonperturbative completions will not change the observational outcome in
testable regimes, we only deal with quadratic modifications to the Heisenberg algebra
throughout this thesis.
Similarly to the GUP, the EUP is supposed to contain at most second-order correc-

tions, yielding

[x̂, p̂] = i~

1 + α

(
x̂

rH

)2
 , (3.10)

where the parameter α should in principle be determinable by semiclassical gravity.
Again, depending on its sign, this leads to the appearance of a minimal momentum
σp ≥ 2

√
α~/rH or a maximum length σx ≥ rH/

√
−α. Clearly, the treatment of gener-

alized and extended uncertainty relations is entirely analogous.
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As they are understood as corrections in a Taylor expansion, both approaches can
be combined by simple superposition

[x̂, p̂] = i~

1 + α

(
x̂

rH

)2

+ β

(
lpp̂

~

)2
 . (3.11)

This leads to a modification of the uncertainty relation, reading

σxσp ≥
~
2

(
1 + α

σ2
x − 〈x̂〉2

r2
H

+ βl2p
σ2
p − 〈p̂〉2

~2

)
(3.12)

≥~
2

[
1 + α

(
σx
rH

)2
+ β

(
lp
σp
~

)2
]
, (3.13)

where the last equality holds for positive α and β. Such a synthesis of the two ap-
proaches allows for the restoration of the symmetry between position and momentum
uncertainties βl2pσ2

p/~2 ↔ ασ2
p/r

2
H [148, 217]. Furthermore, it shows a dual behaviour

relating small and large momenta and distances according to the transformations
σx ↔ r2

H/ασx and σp ↔ ~2/βl2pσp in the pure EUP and GUP sectors, respectively.
This is reminiscent of T-Duality in string theory [218].
To put it in a nutshell, modifying the Heisenberg algebra according to Eqs. (3.9)

and (3.10) incorporates minimum and maximum length effects as well as T-duality-like
symmetries into quantum mechanics. Those effects can be combined by superposition
of the corrections as in Eq. (3.11).

3.1.2. Modified commutators in d dimensions

Evidently, the world we live in is not one-dimensional. Indubitably, a real theory of
modified uncertainty relations should comply with this fact. The present section is
aimed at exactly this generalization. Note that the background is assumed to be flat
and described in terms of Cartesian coordinates throughout this section as it is usually
done in the literature.
When generalized to d dimensions, modifications of the Heisenberg algebra are of

the form [
x̂a, x̂b

]
=i~θab (x̂, p̂) , (3.14a)

[p̂a, p̂b] =i~θ̃ab (x̂, p̂) , (3.14b)
[x̂a, p̂b] =i~fab (x̂, p̂) , (3.14c)

where the functions on the right-hand sides are related through the Jacobi identities

2
[
fa[b, pc]

]
=
[
xa, θ̃bc

]
(3.15)

2
[
f [b
a , x

c]
]

=
[
pa, θ

bc
]
. (3.16)

For completeness, it was noticed fairly recently [216] that there are more Jacobi iden-
tities to be satisfied, which may become nontrivial when considering spin:[

θ[ab, x̂c]
]

=
[
θ̃[ab, p̂c]

]
= 0. (3.17)
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While this is an interesting fact, it will not be considered further throughout this
thesis.
As the treatment of the EUP is analogous, we will only deal with GUPs for the

remainder of this section. The phenomenological version of the algebra then reads
[196, 197, 219]

[
x̂a, x̂b

]
'
il2p
~

(2β − β′) Ĵ ba, (3.18a)

[p̂a, p̂b] =0, (3.18b)

[x̂a, p̂b] =i~
δab

1 + β

(
lpp̂

~

)2
+ β′

(
lp
~

)2

p̂ap̂
b

 , (3.18c)

where we purposefully neglected higher-order contributions in l2pp̂2/~2 and introduced
the deformed angular momentum operator Ĵab = 2x̂[ap̂b] and the squared momentum
operator p̂2 = p̂ap̂

a. In momentum space the observables obeying the said commutation
relations can be represented as [127, 196]

p̂a|p〉 =pa|p〉, (3.19a)

x̂a|p〉 =i~
δab +

(
lp
~

)2 (
βp2δab + β′pbp

a
) ∂̇b|p〉. (3.19b)

However, the position operator can only be symmetric, i. e. obey 〈ψ|x̂iφ〉 = 〈x̂iψ|φ〉
if the volume measure in momentum space dµ = µ(p)ddp is nontrivial. This may
be understood as an indication of curvature. However, the appearance of nontrivial
measures is, in general, dependent on the ordering [220, 221]. Therefore, this evidence
should be understood as circumstantial. A much more thorough argument will be given
in section 8.
Thus, given a Hamiltonian and knowing the volume measure, it is possible to obtain

quantum-gravity-induced corrections to quantum mechanical problems. This approach
simplifies dramatically for the choice of parameters β = β′/2.

Aside on the case β = β′/2

This clearly constitutes a distinguished point in parameter space inasmuch as it allows
for commutative coordinates and, therefore, for a description in the position repres-
entation. For reasons which will become apparent in section 8.3.5, it also marks a
most distinguished case from the point of view of curved spaces. The corresponding
generalized Heisenberg algebra becomes[

x̂a, x̂b
]

=0, (3.20)
[p̂a, p̂b] =0, (3.21)

[x̂a, p̂b] =i~
δab + β

(
lp
~

)2 (
p̂2δab + 2p̂bp̂a

) . (3.22)
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Similarly to the one-dimensional case, this results in an uncertainty relation [126]

σxaσpa ≥
~
2

1 + 3β
(
lpσpa
~

)2
 , (3.23)

which immediately implies a minimum length or a maximum momentum in accordance
with the discussion in one dimension.
In contrast to the general approach, here the resulting quantum kinematics can be

simplified, applying the change of variables [202, 222]

x̂a → X̂a = x̂a, p̂a → P̂a ' pa

1− β
(
lp
~

)2

p̂2

 . (3.24)

The resulting phase space coordinates obey the canonical commutation relations (2.12)
up to corrections at higher order. Anticipating a central result in the present thesis, a
similar transformation is be the main content of section 8. Note that a change in the
algebra implies an altered symplectic form [223], implying that this transformation is
not canonical. Written in terms of the new coordinates, the Hamiltonian governing the
dynamics of a particle subject to a potential V (x̂) reads

Ĥ = p̂2

2m + V (x̂) ' P̂ 2

2m

1 + 2β
(
lpP̂

~

)2+ V (x̂) . (3.25)

Therefore, this kind of GUP is often applied in position space with which the Hamilto-
nian reads

Ĥ|x〉 =
[
−~2∆

2m
(
1− 2βl2p∆

)
+ V (x)

]
|x〉, (3.26)

with the Laplacian in flat space ∆. The sole modification appearing in this approach
lies in the kinetic term of the Hamiltonian, making it comparably simple to derive
predictions.

Drawbacks

Before we deal with the said predictions, however, let us stress a number of sub-
tleties of this particular instantiation of the minimum length concept, many of which
are carefully reviewed in Ref. [126]. For example, it suffers an inverse soccer prob-
lem, rooted in the fact that the corrections to the dynamical variables of the center
of mass in multiparticle states are inversely proportional to the number of constitu-
ents of the system [224]. This begs the question what a fundamental constituent is
supposed to be. Clearly, this problem is related to the strictly nonrelativistic particle
paradigm underlying typical applications. Furthermore, the deformed commutator can
only yield either a trivial or a divergent classical limit [225], implying that it is a purely
quantum mechanical effect [226]. This just closely saves it from violating Gromov’s
non-squeezing theorem [227], a hallmark of symplectic geometry which may be under-
stood as classical analogue of Heisenberg’s uncertainty principle [228]. In that vein,
the GUP may also challenge the second law of thermodynamics, which is closely re-
lated to Heisenberg’s relation [229]. Moreover, its synthesis with the principle of gauge
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invariance is not thoroughly understood [230] and its relativistic extensions lead to
deformations [231] or straight violations [232] of Lorentz invariance (c. f. section 1.7).
Of course, this might be seen as a feature rather than a problem. Last but not least,
as was alluded to above, the minimum length may be derived from high-energy string
scattering amplitudes [92, 95]. However, its value differs from the one inferred from
D-branes [233, 234], making the GUP probe-dependent in string theory.
In spite of these drawbacks, there has been great interest in the community to apply

the idea to an immense amount of physical systems.

3.2. Phenomenology
As modifications to the canonical commutators (2.12) yield a change on the kinemat-
ical level, i. e. to the understanding of spacetime and inertia in and of themselves,
their effects are expectedly ubiquitous [235]. Therefore, it is possible to derive cor-
rections induced by generalized and extended uncertainty relations to virtually every
quantum mechanical, and thus physical observable. In particular, there are two mainly
advocated routes towards the investigation of consequences.

3.2.1. Deformed Poisson brackets

First, a large part of the community concentrates on effects on classical problems,
basing their reasoning on the correspondence between quantum commutators and clas-
sical Poisson brackets [197]

1
i~

[x̂a, p̂b]←→ {xa, pb}PB . (3.27)

On those grounds, investigations have been carried out in the realm of statistical mech-
anics [236–242], especially in relation to white dwarfs and neutron stars [243–254], in-
cluding an ongoing debate about the possible disappearance of the Chandrasekhar limit
[255–258]. Furthermore, this approach has been applied to orbits and the equivalence
principle [259–266], cosmology [267–275], the early universe [276–280], gravitational
waves [201, 281, 282] and electrodynamics [283–285].
However, there are a number of caveats to this kind of approach. On the one hand, as

was argued above, the classical limit of the deformed commutator for GUPs, e. g. in Eq.
(3.9), harbours some subtleties, mainly due to the appearance of ~ in the denominator
of the correction [225]. The authors showed that, when considering states suitable for
the classical limit, the deformation either disappears or diverges rendering the limiting
procedure meaningless (see also Ref. [226] for similar considerations). The EUP, on the
other hand, is supposed to be a semiclassical effect. Therefore, it ought to be possible
to include it into classical mechanics just by assuming a curved background. In short,
the relevance of this program has been called into question recently.

3.2.2. Modification within quantum mechanics

Secondly, the modified commutation relations can be applied to inherently quantum
mechanical systems. Then, the issues mentioned in the previous section can be cir-
cumnavigated by not leaving the quantum realm in the first place. Correspondingly,
the corrections to various problems within quantum mechanics, many known from
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undergraduate textbooks, have been computed [286–317]. To provide an example, the
next-to-leading order contribution to the radius of the deuteron is determined in the
subsequent subsection. Furthermore, the algebra (3.9) has been applied to minisuper-
space models in quantum cosmology implying a minimum size of the universe but,
interestingly, not necessarily singularity resolution [318–331].
However, the applications of the GUP in particular have not been restricted solely

to the nonrelativistic case. Apart from the invention of a relativistic version of it [332,
333], its effect on quantum field theory [140, 334] has been quantified. It has further
inspired modifications of the Klein-Gordon [335–339] and Dirac [340–352] equations
leading to fully fledged gauge theories with minimum length [353–359]. On this base,
it was possible to compute the corrections to the thermodynamics of various types of
black holes [360–387], FLRW and de Sitter spacetimes [388, 389] and Randall-Sundrum
models [390, 391]. Furthermore, quantum gravity contributions to the Unruh [392, 393]
and Casimir effects [394–399], the covariant entropy bound in quantum field theory
[400] and the Cardy-Verlinde formula have been obtained [401, 402].
In particular, horizon thermodynamics can be derived solely from the uncertainty

principle itself [193, 403–406], an approach which was also applied in ref. [1] cowritten
by the present author. Consider an uncertainty relation of the form

∆p ' ∆p (∆x) , (3.28)

where the types of measure of position and momentum uncertainty ∆p and ∆x, re-
spectively, are left open for the moment Evidently, the unperturbed uncertainty prin-
ciple should be of the form

∆p ' B~
∆x, (3.29)

with a numerical constant B, which depends on the particular kind of relation at
hand and equals 1/2 for Robertson’s approach (3.4). The position uncertainty basically
equals the characteristic scale describing the horizon denoted lH , e. g. the Schwarzschild
radius in the Schwarzschild geometry or the inverse acceleration in Rindler space. Thus,
set ∆x = lH . Furthermore, as it is of black body type [20], all information contained
of the black hole radiation consists of its characteristic wave length, which is inversely
proportional to its temperature. This wavelength, in turn, is inversely proportional to
the momentum uncertainty, implying

TH,corr = C∆p (∆x) = C∆p (lH) , (3.30)

with the constant of proportionality C. Plugging in the unperturbed relation (3.29)
and comparing to the general result [20, 407, 408]

TH = ~
4πlH

, (3.31)

the constant can be determined, yielding C = B/4π. Thus, the corrected Hawking
temperature can be expressed as

TH,cor = B

4π∆p (lH) . (3.32)
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It was found early on that this modification, when trusted up to Planckian energies,
inevitably leads to the creation of black hole remnants [409–433], thereby solving the
information paradox [21]. Furthermore, knowing the temperature, it is possible to
derive the corrections to the entropy of the horizon in the usual way [20], which has
been done in many contexts [106, 434–457]. In the case of the GUP, the resulting
contributions are usually logarithmic, yielding an entropy S of the form

SBH,cor '
AH
4l2p

+ CS log
(
AH
l2p

)
, (3.33)

where the constant CS depends on the model parameters. As this complies with results
from fundamental approaches such as loop quantum gravity [458] and string theory
[459], comparison allows for fixing of the parameters [460–464]. The same can be done
for EUPs and semiclassical gravity [145].
In another instance of this reversed logic, the adjustment of the entropy has been

used to obtain corrections to black hole metrics [465–475], Newtonian gravity [476–
478] and the Friedmann [194, 479–486] and Einstein [487, 488] equations in scenarios
of emergent gravity.
Thus, there are manifold avenues towards the determination of consequences of

modified uncertainty relations. However, the real phenomenology lies in quantitative
comparison to experimental data.

3.2.3. Constraints

In science, theoretical predictions need to stand the challenge of observation. Within
the treated subjects, however, this endeavour is mostly pursued in relation to GUPs
because, as was alluded to above, EUPs ought to be derivable from semiclassical phys-
ics.
Generally, it should be expected that quadratic adjustments derived from the algebra

(3.22) lead to corrections as of an expansion in βl2p/l
2
char and αl2char/r

2
H , respectively,

where lchar denotes a characteristic length scale of the unperturbed problem. To gain
an intuition, these factors, evaluated at distinct characteristic lengths, are displayed
in table 1 and Fig. 4. Evidently, those contributions are tiny in comparison to order-
one processes, which makes it hard to observe them. Therefore, it is useful to look for
amplifiers as argued in Refs. [70, 134] in the context of quantum gravity phenomenology
in general.
Independently of those considerations, every quantitative analysis allows for con-

straints on the parameters of the GUP [235, 489]. This has been done in the context of
lab-based experiments [301, 490–504] and observations on astrophysical [505–510] and
cosmological scales [494, 511–516]. Furthermore, bounds from Kostelecký ’s SME, an
alternative, Lorentz-violating approach to quantum gravity phenomenology mentioned
in the introduction, were imported [232]. A further constraint was found following the
assumption that the parameter β in Eq. (3.9) is stochastic, leading to quantum grav-
itational decoherence [517]. Conveniently, there is a recent collection of bounds [518]
summarizing most of these contributions. A surely nonexhaustive collection is gathered
in tables 2, 3 and 4 for tabletop experiments, gravitational experiments and observa-
tions and cosmological observations, respectively. Clearly, tabletop experiments yield
the most precise results because they are related to smaller length scales, while cos-
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scale l2p/l
2
char l2char/r

2
H

solar system 10−96 10−24

sun 10−84 10−36

earth 10−80 10−40

human 10−68 10−52

cell 10−60 10−60

Buckminsterfullerene 10−50 10−70

atom 10−46 10−74

proton 10−38 10−82

weak interaction 10−54 10−86

LHC 10−30 10−90

Table 1: Estimate of magnitude of effects induced by the generalized and EUPs at
different characteristic length scales.

Figure 4: Estimate of magnitude of effects induced by the generalized (connected)
and extended (dashed) uncertainty principles at different length scales. The
background colour indicates the energy scale, from the ultraviolet to the
infrared.
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experiment ref. upper bound on β
harmonic oscillators [495, 499] 107

hydrogen state transitions [491, 493, 520] 1026

quantum noise [502] 1028

scanning tunnelling microscope [235, 286] 1033

µ anomalous magnetic moment [235, 492] 1033

lamb shift [235, 490] 1036

87Rb interferometry [496] 1039

Kratzer potential [301] 1046

stimulated emission [504] 1046

Landau levels [235, 489, 490] 1050

Table 2: Upper bounds on the parameter β characterizing the quadratic GUP with
commutative coordinates (3.22) by tabletop experiments not related to grav-
ity.

experiment ref. upper bound on β
equivalence principle [262, 497, 500] 1020

gravitational bar detectors [512, 513] 1033

perihelion precession (solar system) [507, 521] 1069

perihelion precession (pulsars) [521] 1071

gravitational redshift [507] 1076

black hole quasi normal modes [503] 1077

light deflection [507, 521] 1078

time delay of light [507] 1081

black hole shadow [503, 509, 510] 1090

Table 3: Upper bounds on the parameter β characterizing the quadratic GUP with
commutative coordinates (3.22) by gravitational experiments and observa-
tions.

mological experiments prove basically useless. Note that the most stringent bounds
stem from macroscopic harmonic oscillators comprised of many particles whose num-
ber acts as amplifier. Have in mind, though, that this is an area whose validity is
controversial due to the inverse soccer ball problem plaguing GUP-induced effects on
many bodies [224] (for the soccer ball problem in general consult Refs. [174, 519]).
The strongest upper bound that is widely accepted, derived from corrections to the
transition amplitudes between stationary states of the hydrogen atom, thus assumes
the value β < 1026.
Most of the derivations behind those constraints follow a similar pattern. To gain

an intuition into those approaches, an example of how this is done is provided in the
subsequent subsection.

3.2.4. Example: Radius of the deuteron

The derivation presented in this section was performed by the author to provide an
instance of the phenomenology of GUPs.The main idea behind this calculation lies in
the application of the model governed by the algebra (3.22) to constrain the parameter
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experiment ref. upper bound on β
gravitational waves [514, 516] 1036

cosmology (all data) [515] 1059

cosmology (late-time) [515, 522] 1081

Table 4: Upper bounds on the parameter β characterizing the quadratic GUP with
commutative coordinates
(3.22) on cosmological scales.

β (c. f. Eq. (3.22)) by comparing resulting corrections to measurements of the radius
of the deuteron. Thus, it belongs to the category of tabletop experiments.
As mentioned above, the three-dimensional algebra (3.22) implies a commutative

space, which leads to a considerable simplification of the problem. Furthermore, the
radial potential is approximated by a square well to keep the calculations tractable

V (r̂) = −V0Θ(r0 − r̂), (3.34)

with the radial position operator r̂, the deuteron radius r0 and the Heaviside-function
Θ. According to Eq. (3.26), the time-independent Schrödinger equation then becomes[

−~2∆
2µ

(
1 + 2βl2p∆

)
− V0Θ(r0 − r)

]
ψ = Eψ, (3.35)

with the position space wave function ψ(x) and the reduced mass µ introduced to
effectively turn the initial two-body problem into a one-body problem. As the potential
is basically constant, this differential equation can be understood as an eigenvalue
equation for a function of the Laplacian. Therefore, we might as well determine the
eigenstates of the Laplacian

(∆ + λ)ψ = 0, (3.36)
with the boundary condition that the wave function be normalizable, i. e. nondivergent,
and approaching zero fast enough at large distances from the origin. Adding this
assumption to the problem, we obtain an equation providing a value for λ

~2λ

2µ
(
1− 2βl2pλ

)
= E + V0Θ(r0 − r). (3.37)

This equation has two solutions of which only one has a well-defined limit when β → 0,
yielding

λ =
(
4l2pβ

)−1
1−

√
1− 16µβl2p

E + Θ(r0 − r)V0

~2

 (3.38)

' 2µE + Θ(r0 − r)V0

~2

[
1 + 4µβl2p

E + Θ(r0 − r)V0

~2

]
, (3.39)

where we expanded in βl2pE to get a grasp on the leading contribution. As the deuteron
constitutes a bound state, the energy E is negative and satisfies E + V0 > 0. Thus,
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the eigenvalue λ is positive in the interior (r ≥ r0) and negative in the exterior of it,
a fact that can be expressed as

λin =
(
4l2pβ

)−1
1−

√
1− 16µβl2p

V0 − |E|
~2

 = |λin|, (3.40)

λex =
(
4l2pβ

)−1
1−

√
1 + 16µβl2p

|E|
~2

 = −|λex|. (3.41)

Correspondingly, the differential equation (3.36) branches off into the two problems

(∆ + |λin|)ψ|r≤r0 =0, (3.42)
(∆− |λex|)ψ|r>r0 =0. (3.43)

For simplicity, the only configuration considered in this section is the s-wave, i. e.
ground, state. Thus, the wave function features no angular dependence and we can
write the problem in terms of the scalar u = ψ/r yielding(

∂2
r + |λin|

)
u|r≤r0 =0, (3.44)(

∂2
r − |λex|

)
u|r>r0 =0, (3.45)

which, being a harmonic and an anharmonic oscillator, clearly allow the solutions

u =
A sin

(√
|λin|r

)
+ C cos

(√
|λin|r

)
r ≤ r0

Be−
√
|λex|r +De

√
|λex|r r > r0.

(3.46)

The boundary condition that ψ be normalizable immediately implies that C = D = 0.
Furthermore, we have to impose continuity and differentiability at r = r0 leading to
the conditions

A sin
(√
|λin|r0

)
= Be−

√
|λex|r0 , (3.47)

A
[√
λin cos

(√
|λin|r0

)
− sin

(√
|λin|r0

)
r−1

0

]
= −Be−

√
|λex|r0

[√
|λex|+ r−1

0

]
. (3.48)

Those can be used to determine the radius of the deuteron as the first positive solution
to the equation

tan
(
r0

√
|λin|

)
= −

√√√√∣∣∣∣∣λinλex
∣∣∣∣∣. (3.49)

As the multivaluedness of the tangent (tan(x) = tan(x + π)) cannot be properly
represented by its inverse function, it is necessary to add a term multiplying π to
obtain

r0 =
π − arctan

√∣∣∣λin
λex

∣∣∣√
|λin|

' r
(0)
0 + r

(1)
0 , (3.50)
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where r(0)
0 and r

(1)
0 denote the unperturbed radius of the deuteron and the correc-

tion induced by the minimum length at first order in βl2p
√
µ|E| and βl2p

√
µ(V0 − |E|),

respectively. Explicitly, we obtain

r
(0)
0 = ~

π − arctan
√

V0
|E| − 1√

2µ(V0 − |E|)
, (3.51)

r
(1)
0 =

√
2µ
~

[√
|E|+

√
V0 − |E|

(
π − arctan

√
V0

|E|
− 1

)]
βl2p. (3.52)

As V0/|E| � 1, the first term in r(1)
0 can be neglected and arctan

√
V0/|E| − 1 ' π/2.

Thus, it is possible to roughly estimate the relative effect as

r
(1)
0

r
(0)
0
'
(
π

2

)2
β

(
lp

r
(0)
0

)2

. (3.53)

Taking into account the relative precision to which r0 is known (∼ 10−4), this result
can be used to constrain the GUP parameter β . 1037, leading to a minimum length
smaller than one hundredth of the deuteron radius.
Clearly, a truly precise calculation of this effect requires a more accurate description

of the nucleon-nucleon interaction by a different potential. However, this approach
suffices to estimate its magnitude. Note that, over all, this confirms the expectation
that effects of the quadratic GUP are of the form βl2p/l

2
char. In this case, the charac-

teristic length scale is the unperturbed radius of the deuteron r0. In principle, almost
all phenomenological calculations referring to the GUP are of this form.
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4. GUPs and EUPs from the curvature of Riemannian
backgrounds

According to the reasoning laid out in the preceding section, the main motivations for
GUPs and EUPs are the inclusion of a minimal length implied by quantum gravity
and a maximum length derived from the curvature of spacetime, respectively. Yet, the
connection between fundamental limits to observability and the theory of modified
commutation relations is by no means unique. This begs the question whether similar
kinds of results could be derived starting at different, less ad hoc assumptions.
In that vein, we base the considerations of this section on the assumption that the

three dimensional background manifold describing position or momentum space be
curved, while the algebra of observables stays canonical (c. f. Eq. (2.12)). Correspond-
ingly, in this setting there are no modifications to Heisenberg’s uncertainty principle
(3.4) via the Robertson relation (3.3). Yet, this inequality is not the only way an
uncertainty relation in quantum mechanics can be formulated [523–525]. The rather
vague motivations behind GUPs and EUPs, though, cannot be deployed as a means of
distinguishing between those different approaches. On the contrary, there are a number
of alternative approaches towards a minimum length by superposition of geometries
[526–529] or direct inclusion into differential geometry [68, 530–532], and idea which
actually dates back to work of Arthur March in the 30s [533]. For the following con-
siderations we rely on a recently found alternative, which has the advantages of being
rather operational and easily generalizable to curved manifolds [1–3, 534, 535]. The
main idea behind this relation consists in confining the wave function to a compact
domain. A covariant invariant measure of the size of this region can then be inter-
preted as the corresponding uncertainty. As a result, it is possible to find the global
minimum of the standard deviation of the complementary observable as a function of
that very measure of uncertainty. The corresponding inequality yields the sought-after
uncertainty relation.
In this section we show how this can be made precise by finding a definition of

the standard deviation of the momentum operator appropriate for curved position
space, explaining how to treat the compact domain and posing the exact problem
in subsection 4.1. Subsection 4.2 is devoted to solving this problem first in flat and
subsequently in slightly curved space, thereby assuming small position uncertainties. In
this manner, we provide perturbative corrections to the uncertainty relation to fourth
order. In subsection 4.3 we generalize the result to modified commutation relations,
according to the paradigm introduced in the preceding section.
Being extracted mainly from the publication [2] with an appendix from [3], both

coauthored by the present author with EUPs in mind, the treatment given in the
present chapter is based on curved position space. Have in mind, though, that Born
reciprocity [156] implies that an analogous effect would be expected for curved mo-
mentum space, obtaining a GUP instead. In fact, it turns out that the specific case
investigated in section 4.2 is, in its entirety, translatable to the picture of curved mo-
mentum space.
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4.1. Uncertainty relation
The notion of uncertainty relation harbours many more subtleties in curved space
than in the ordinary flat case. However, the manifestly covariant invariant approach
introduced in ref. [535], though unusual, proofs very effective in this context. This
subsection is devoted to explaining exactly what constitutes the mathematical basis
for the deduction of the EUP in the subsequent subsection.

4.1.1. Standard deviation of the momentum operator

In accordance with section 2.3, we assume that the three-dimensional background
manifold of the treated system be characterized by the length element

ds2 = gij(x)dxidxj, (4.1)

featuring the position-dependent metric gij(x). Correspondingly, the Hilbert space
measure is described by Eq. (2.14). Further asserting the canonical commutation rela-
tions (2.12) to be satisfied, the position space representation of the momentum operator
is provided by Eq. (2.30).
Those are all the ingredients required to define the standard deviation of the mo-

mentum operator in curved space as

σπ ≡
√〈

π̂/π2
〉
− 〈π̂/π〉2 =

√
〈π̂2〉 − γaγb〈eiaπ̂i〉

〈
ejbπ̂j

〉
=
√
〈π̂2〉 − δab〈eiaπ̂i〉

〈
ejbπ̂j

〉
(4.2)

where we used Eq. (2.29) and the symmetry under the exchange of indices i↔ j for the
third equality. Thus, we have to calculate the standard deviation in a local Euclidean
frame. In flat space, for example, this forces us to use Cartesian coordinates.
Note that to be fully consistent we should denote this quantity as σ/π. However, we

decided to use the notation σπ to make its meaning more apparent.

Aside on Born reciprocity

Assuming Born reciprocity, we should be able to follow the exact same path outlined
here to define a standard deviation of the position operator in curved space. However,
there is a problem with this logic: The definition outlined above hinges on the fact
that the momentum operator transforms as a vector under spatial diffeomorphisms.
The position operator, though, most definitely does not. Understood as generator
of translations in momentum space, it obeys the correct transformation law under
momentum space diffeomorphisms. Yet, we cannot necessarily say the same about the
world we experience [158, 159].
Sure enough, we can define the squared position operator on a general curved space

invoking the geodesic distance from the origin O to the point in question p

σ(O, p) =
∫ p

O
ds, (4.3)
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leading to a representation proportional to the Laplace-Beltrami operator in mo-
mentum space (c. f. Eq. (2.21))

σ̂2(O, p)ψ̃(p) = 1
√
g
∂̇i
(√

ggij ∂̇
jψ̃
)
. (4.4)

Even so, it is unclear how to provide an operator x̂ by analogy with Eq. (2.30) in a
mathematically meaningful way because it does not transform as a vector with respect
to diffeomorphisms in position space.
Thus, in general we cannot simply take the equivalent road starting at curved mo-

mentum space in the derivation of the uncertainty relation. On the contrary, we are
witnessing another instance of the breaking of Born reciprocity. Interestingly, though,
this problem can be circumvented in the case of perturbations around flat space treated
in section 4.2.3 because, as will be shown below, this only involves the evaluation of
expectation values on a flat background.
In short, we generally cannot define the uncertainty of the position operator in the

standard way. How then do we accomplish this goal consistently?

4.1.2. Position uncertainty as size of a compact domain

In this section we take a more operational route towards constructing an instance
of position uncertainty. Restricting the support of allowed wave functions in the
considered Hilbert space to a compact domain D, i. e. choosing it to be given as
H = L2(D,√gd3x), we clearly localize the system within a controllably sized set-
ting. This can be achieved by imposing Dirichlet boundary conditions. Accordingly,
all ψ ∈ H have to satisfy ψ|∂D = 0, i. e. vanish at the boundary and outside of it (see
Fig. 5 for a visualisation).
Any diffeomorphism invariant scale characterising the domain’s extent would thus

yield a measure of position uncertainty. For example, we might use a function of the
its volume

V =
∫
D

d3x
√
g. (4.5)

In particular, to provide a scale with dimensions of length ρ, we may choose

ρ ∝ 3
√
V . (4.6)

In principle, this approach can be applied to any kind of domain. For reasons of
simplicity, however, we will choose to work with geodesic balls, and define the position
uncertainty as their radius. This information suffices to specify the Hilbert space which
is about to be explored. Thus, we are all set to pose the problem whose solution yields
the uncertainty relation.

4.1.3. Eigenvalue problem

The investigated quantum theory is defined within a compact domain on a curved
nonsingular background manifold. Therefore, it can be shown [536] that the Laplace-
Beltrami operator, basically representing the squared momentum operator (c. f. Eq.
(2.32)), is Hermitian and possesses a discrete spectrum. Thus, its eigenvectors ψ furnish
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Figure 5: Schematic visualisation of the squared absolute value of two wave functions
(eigenfunctions of the Laplacian) colour coded from violet (vanishing) to red
on a curved geometry, here as the surface of a sphere embedded in three-
dimensional space, and confined to a disk, whose boundary is displayed in
black.

an orthonormal basis of the Hilbert space H. Evidently, they have to be solutions to
the eigenvalue problem

∆ψ + λψ = 0 within D, (4.7a)
ψ = 0 on ∂D. (4.7b)

In three dimensions, these eigenstates are characterized by three quantum numbers,
here represented by the symbol n to avoid index cluttering. A general state Ψ can then
be expressed as a linear combination of the eigenstates

Ψ =
∑
n

anψn, (4.8)

with the coefficients an, satisfying ∑
n

|an|2 = 1. (4.9)

Therefore, we can express the standard deviation of the momentum operator as

σπ (Ψ) =

√√√√√∑
n

|an|2~2λn −

∑
n,n′

a∗nan′
〈
ψn
∣∣∣π̂/πiψn′〉

2

. (4.10)

In general, the real and the imaginary part of the eigenvalue problem (4.7a) are
collinear. This implies that the phase of its solutions ψn can be removed by rotating
the coordinate system. As the locally Euclidean frame is invariant under rotations,
we can calculate the expectation value of the momentum operator in any of those
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related by a rotation. Thus, we can take the eigenfunctions of the Laplacian to be real.
However, the expectation value of the momentum operator with respect to any real
wave function ψ : IR3 → IR vanishes as can be readily verified by

〈ψ|π̂/πψ〉 =
∫

dµψπ̂/πψ = −
∫

dµπ̂/π(ψ)ψ = −〈ψ|π̂/πψ〉 = 0, (4.11)

where we used the Hermiticity of π̂/π and the boundary condition (4.7b). Hence, the
momentum operator has vanishing expectation value if the system is in an eigenstate
of the Laplace-Beltrami operator

〈ψn|π̂/πψn〉 = 0. (4.12)

Thence, we can rewrite Eq. (4.10) as

σπ (Ψ) =

√√√√√∑
n

|an|2~2λn −

∑
n6=n′

a∗nan′
〈
ψn
∣∣∣π̂/πiψn′〉

2

. (4.13)

Then the precise task to fulfil consists in finding the state Ψ0 yielding the global
minimum of this expression such that

σπ (Ψ) ≥ σπ (Ψ0) ≡ σ̄π(ρ) ≥ 0, (4.14)

where ρ, recall, denotes the measure of position uncertainty. Multiplication by ρ leads
to the uncertainty relation in its usual form, i. e. as product of uncertainties

σπρ ≥ σ̄π(ρ)ρ. (4.15)

In the subsequent sections the search for the state saturating this inequality turns
out to be rather simple. In fact, it is given by the ground state of the Laplace-Beltrami
operator ψ1, implying the relation

σ̄π(ρ) = ~
√
λ1. (4.16)

Whether this is a general feature of the given problem, is conceivable but a proof
thereof beyond the scope of this thesis.

4.2. Explicit solution
Having dealt with the theoretical subtleties, we can now derive the uncertainty rela-
tion for a general curved background. In order to obtain explicit results, we first have
to choose a specific domain, the geodesic ball. The solution is first obtained analytic-
ally for the case of flat space, in a domain-independent fashion and explicitly within
geodesic balls, to be further generalized to small perturbations around flat space, i. e.
an expansion in small position uncertainties to fourth order.
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4.2.1. Geodesic balls

Regarding the domain, we restrict ourselves to the rather simple example of a geodesic
ball of radius ρ, denoted Bρ. This region is defined by its boundary, every point p ∈ ∂Bρ

on which has a constant geodesic distance

σ(p0, p) =
∫ p

p0
ds = ρ (4.17)

to its center p0. Defined in terms of the geodesic distance, the radius is manifestly
diffeomorphism invariant, and may thus serve as measure of position uncertainty. Fur-
thermore, in comparison to other domains, geodesic balls can be scaled up unambigu-
ously in curved as well as in flat space as long as geodesics don’t cross. Note that the
radius of geodesic balls is not directly proportional to the third root of its volume as
in Eq. (4.6). However, for small balls, an assumption made below, the proportionality
holds approximately.
Counterintuitively, the shape of geodesic balls depends on the chosen set of coordin-

ates and the background geometry, and does not need to even closely resemble ordinary
balls in flat space described by Cartesian coordinates. All that can be said about their
appearance before choosing a coordinate system consists in the fact that their surface
is topologically a sphere. An example of said variability is provided in Fig. 6. In this
illustration the background consists of constant time slices of the Schwarzschild static
patch described by Schwarzschild coordinates. In order to illuminate the distortion,
three geodesic balls of equal geodesic radius ρ but different coordinate distances r0
between their center (p0) and the spatial center of symmetry (origin) are compared.
The corresponding calculations were done numerically thereby not invoking the small
ball approximation made below. Clearly, the distortion of the geodesic balls increases
with increasing curvature, i. e. decreasing coordinate distance from the center of sym-
metry.
Fixing p0, the biscalar σ(x0, x) becomes a scalar field σ(x), which measures the

distance along the shortest geodesic connecting the center of the geodesic ball p0 and
a general point p (here xi0 and xi describe the coordinate positions of the points p0
and p, respectively). Hence, it has to satisfy the differential equation

gij∂iσ∂jσ = 1, (4.18)

and the boundary condition σ(x0) = 0. As it consistently describes surface normals of
the spheres limiting the geodesic balls, we interpret this scalar as radial coordinate.
The boundary of the domain ∂Bρ can then be conveniently defined by the relation
σ = ρ.
The coordinates, whose exterior derivatives are normal to dσ, can be understood as

surface parameters of geodesic spheres of radius σ. In this thesis we denote these as χ
and γ to construct the geodesic coordinate system σi = (σ, χ, γ). Imposing orthogon-
ality, the "angular" coordinates have to satisfy

gij∂iσ∂jχ = gij∂iσ∂jγ = 0. (4.19)

From a geometric point of view, these coordinates describe the background in such a
way that the geodesic balls are not distorted giving them the appearance of ordinary
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Figure 6: Three geodesic balls with equal geodesic radius ρ = .4RS but different dis-
tances from the center of symmetry r0 = 3.5RS (left), r0 = 2.5RS (mid) and
r0 = 1.5RS (right) on a spatial section of the Schwarzschild static patch,
characterized by the Schwarzschild radius RS, and described in terms of
Schwarzschild coordinates. Surfaces of geodesic balls are coloured blue, while
black hole horizons are indicated in black.

balls. This might be quite unnatural for arbitrary metrics, but it simplifies the solution
to the eigenvalue problem (4.7) enormously.

Interlude - Geodesic coordinates and gravitational waves

The geodesic coordinates satisfying Eqs. (4.18) and (4.19) are reminiscent of the set
which is usually employed in the description of gravitational waves [537]. In fact,
both coordinate systems show striking similarities. In this vein, the coordinate de-
scribing the geodesic direction of propagation of the gravitational waves is analogous
to the geodesic distance coordinate employed throughout this thesis. The other two
coordinates are normal to the geodesic motion, i. e. they extend along hypersurfaces
of constant geodesic distance, and can thus be considered analogous to the "angular"
subset of the geodesic coordinates.
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However, the representation which is normally used to describe gravitational waves
is given in the so-called transverse-traceless (TT) gauge, which provides four conditions
in the 4-dimensional Lorentzian system, while in our 3-dimensional approach there are
only three conditions. Therefore, the metric is not traceless in the geodesic coordinates
defined above - it is merely expressed in a transverse gauge.

4.2.2. Flat space

Euclidean space has two simplifying advantages over other Riemannian manifolds.
First, any kind of domain can be easily scaled up without ambiguities. Secondly, the
local Euclidean frame is, in fact, global, described by Cartesian coordinates. Therefore,
we are able to provide a result for general domains, following a simple conformal
argument. Afterwards, we explicitly find the state saturating the uncertainty relation
(4.14) for the example of a geodesic ball.

General domain

Assume the measure of position uncertainty to be of the form (4.6). Increasing the
volume of a general extended object in flat space by a constant factor ad, i. e. trans-
forming ρ → ρ̃ = aρ, is then equivalent to a conformal transformation of the metric
δij → a2δij. Correspondingly, the Laplacian transforms as ∆→ ∆/a2, and, therefore,
the nth eigenvalue of the transformed Laplacian, denoted λ̃n, satisfies(

∆
a2 + λ̃n

)
ψ̃n = 0. (4.20)

Evidently, the eigenvalues of the Laplacian transform accordingly, i. e. λ̃n = λn/a
2.

Hence, we immediately see that
λn

λ̃n
=
(
ρ̃

ρ

)2

. (4.21)

As Cn = λ̃nρ̃
2 is just a dimensionless parameter independent of the scale a, the entire

dependence of the eigenvalues of the Laplacian on it has to be summarized in ρ−2.
Thus, we obtain

λn(a) = Cn
ρ2(a) , (4.22)

where the exact value of Cn depends on the shape of the domain and the exact form
of the position uncertainty ρ. Clearly, we could have also arrived at this result by pure
dimensional analysis
If the state saturating the uncertainty relation is an eigenvector of the Laplacian,

represented as n = 1, as is shown explicitly below for geodesic balls, the uncertainty
relation in flat space reads

σπρ ≥ ~C1, (4.23)
which shows the same dependence as Heisenberg’s celebrated inequality (3.1). The
value of C1 is determined in the subsequent section for the specific choice of domain
being a geodesic ball.
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Geodesic ball

Rewritten in terms of spherical coordinates σi = (σ, χ, γ) and the explicit quantum
numbers in three dimensions n, l and m, the eigenvalue problem (4.7) becomes[

∂2
σ + 2

σ
∂σ + 1

σ2

(
∂2
χ + cotχ∂χ+ sec2 χ∂2

γ

)
+ λ

(0)
nlm

]
ψ

(0)
nlm =0, (4.24)

ψ
(0)
nlm

∣∣∣
σ=ρ

=0, (4.25)

where the superscript (0) stands for the zeroth order of the perturbative expansion
we perform below. This problem can be solved by separation of variables, yielding the
result

ψ
(0)
nlm =

√
2

ρ3j2
l+1(jl,n)jl

(
jl,n

σ

ρ

)
Y l
m(χ, γ) (4.26)

λ
(0)
nlm =

(
jl,n
ρ

)2

(4.27)

with the spherical harmonics Y l
m, the spherical Bessel function of first kind jl(x) and

the nth zero of the spherical Bessel function of first kind jl,n. In particular, as is shown
below, the state saturating the uncertainty relation is the ground state of the Laplacian,
which reads

ψ
(0)
100 = 1√

2πρ
sin

(
π σ
ρ

)
σ

, (4.28)

and corresponds to the eigenvalue λ(0)
100 = π2/ρ2. This constitutes a rather intuitive

result because, being the ground state, it is the only distinguished state in the system.
Let us have a closer look at this problem, though.
According to Eq. (4.8), every general state |Ψ〉 ∈ H(0) can be expressed in terms of

the basis (4.26). From there we can derive the standard deviation of the momentum
operator (4.13), whose global minimum we want to find. Thus, the momentum uncer-
tainty increases strongly with greater quantum numbers n and l and can be decreased
by contributions to the expectation value of the momentum operator. However, by vir-
tue of Eq. (4.12) such terms can only stem from relative phases in linear combinations
of basis states. In short, we have to concentrate on complex linear combinations.
Since, as can be checked explicitly, transition amplitudes featuring the momentum

operator follow the proportionality〈
ψ

(0)
nlm

∣∣∣π̂/πψ(0)
n′l′m′

〉
∝ δl,l′±1, (4.29)

a linear combination of N eigenstates of the Laplacian just contributes (N − 1) terms
to the uncertainty relation weighted by coefficients satisfying Eq. (4.9). Hence, such
a combination of any number of basis states in Eq. (4.8) shows the same behaviour
as a linear combination of just two of them. Therefore, no further decrease of the
momentum uncertainty can be achieved by combining more than two states, which is
why we only deal with this case. Up to a global phase, such a state generally reads

Φ =
√
aψ

(0)
nlm + eiφ

√
1− aψ(0)

n′l′m′ , (4.30)
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with the real coefficient a ∈ (0, 1) and the relative phase φ ∈ [0, 2π). For the above
state, we obtain the momentum uncertainty

σπ(Φ) =
[
~2aj

2
l,n + (1− a)j2

l′,n′

ρ2 − 4a(1− a)Re
(
eiφ
〈
ψ

(0)
nlm

∣∣∣π̂/πψ(0)
n′l′m′

〉)2
]

(4.31)

≥
[
~2aj

2
l,n + (1− a)j2

l′,n′

ρ2 − 4a(1− a)MaxRe
〈
ψ

(0)
nlm

∣∣∣π̂/πψ(0)
n′l′m′

〉2
]
, (4.32)

where MaxRe stands for a choice of φ such that the real part is maximal. This quantity
is evaluated in detail in appendix A, from which we can extract the inequality (A.17)

MaxRe
[
eiφ〈ψn′l′m′|π̂/πψnlm〉

]2
≤
(
~
ρ

)2
λnlλn′l′

(λn′l′ − λnl)2

×
{
δl
′+1
l

(
δm+1
m′ + δm−1

m′ + δmm′
)

+ δl
′

l+1

(
δmm′+1 + δmm′−1 + δmm′

)}
. (4.33)

The quantity on the right-hand side is nonvanishing only for ∆l = |l′ − l| = 1 and
∆m = |m′−m| = 0, 1, but its magnitude is independent of ∆m. Thus, we can estimate

MaxRe
[
eiφ〈ψn′,l′,m′ |π̂/πψnlm〉

]2
≤
(
~
ρ

jl′,n′jl,n
j2
l′,n′ − j2

l,n

)2

, (4.34)

where ∆l = 1 and ∆m = 0, 1 are understood from this point onwards.
In order for the ground state of the Laplacian not to be the one of smallest uncer-

tainty, there should be a state Φ obeying the inequality σπ(ψ100) > σπ(Φ) which can
be recast as (

jl′,n′jl,n
j2
l′,n′ − j2

l,n

)2

≥
(
ρ

~
MaxRe

〈
ψ

(0)
n′,l′,m′

∣∣∣π̂/πψ(0)
nlm

〉)2
> C(a), (4.35)

where we introduced the function

C(a) =
j2
l′,n′ + a

1−aj
2
l,n − π2

1−a
4a . (4.36)

As for the allowed n, l we have π ≤ jn,l, this function diverges positively for a → 0
and a→ 1 and is continuous in between. Hence, it has to reach a minimum at

amin =
j2
l′,n′ − π2 −

√
j2
l,nj

2
l′n′ − π2j2

l′n′ − j2
l,nπ

2 + π4

j2
l′,n′ − j2

n,l

. (4.37)

Observe that jl′,n′ = π, i. e. (n, l) = (1, 0), immediately implies that amin = 1 while
jl,n = π, meaning (n′, l′) = (1, 0), would lead to amin = 0. In other words, linearly
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combining the ground state of the Laplacian with any distinct eigenstate cannot lead
to a decrease in the uncertainty. For a general 0 ≤ amin ≤ 1, we deduce that

C(a) ≥ C(amin) = 1
4

(
j2
l,n + j2

n′,l′ − 2π2 + 2
√(

π2 − j2
l,n

) (
π2 − j2

l′,n′

))
. (4.38)

Thus, the transition amplitude of any linear combination of two basis states whose
uncertainty is smaller than the one of the ground state has to satisfy the inequality(

jl′,n′jl,n
j2
l′,n′ − j2

l,n

)2

> C(amin), (4.39)

which is independent of the parameters a and φ. As will be argued below, this assump-
tion leads to a contradiction.
The inequality (4.39) is invariant under the exchange jl,n ↔ jl′,n′ . Therefore, assum-

ing that jl′,n′ > jl,n without loss of generality, it can be weakened and rearranged to
read

1(
1− j2

l,n

j2
l′,n′

)2 > −π
2 + j2

l,n. (4.40)

The left-hand side of this inequality increases as jl′,n′ and jl,n approach each other.
Further recall, that Eq. (4.33) implies that we have to consider transition amplitudes
of states satisfying either l = l′ + 1 or l′ = l + 1. In both cases we want to minimize
the quantity |jl,n − jl′,n′| subject to the constraint that jl′,n′ > jl,n. It is a well-known
mathematical fact [538] that the zeros of the Bessel functions Jν and Jν+1 (here we
denote the nth zero as Jν,l) are interlaced as Jν,n < Jν+1,n < Jν,n+1. This carries over
to the spherical Bessel functions jl ∝ Jl+1/2. Therefore, the states maximising the
left-hand side of the inequality (4.39) are characterized by the relations l = l′ + 1,
n′ = n+ 1 and l′ = l + 1, n′ = n leading to the stronger inequalities(

1−
j2
l,n

j2
l+1,n

)2 (
j2
l,n − π2

)
<1, (4.41)

(
1−

j2
l,n

j2
l−1,n+1

)2 (
j2
l,n − π2

)
<1, (4.42)

respectively. The zeroes of spherical Bessel functions do not obey these inequalities
unless (l, n) = (1, 0), a case that has been ruled out above. It is instructive to apply
McMahon’s expansion for large n (c. f. Ref. [538]) jl,n ' n + l/2, from which we can
derive that (

1−
j2
l,n

j2
l+1,n

)2

>
π2

j2
l+1,n

, (4.43)
(

1−
j2
l,n

j2
l−1,n+1

)2

>
j2
l+1,nπ

2

j4
l−1,n+1

. (4.44)
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Plugging those relations into the inequality (4.42), thereby further weakening it, we
obtain

π2 j
2
l,n − π2

j2
l+1,n

< 1, (4.45)

π2 j2
l+1,n

j2
l−1,n+1

j2
l,n − π2

j2
l−1,n+1

< 1. (4.46)

The left-hand sides of both inequalities are monotonically increasing with n and l.
Excluding linear combinations containing the ground state, we can then estimate that

4.9 'π2 j
2
0,2 − π2

j2
1,2

< π2 j
2
l,n − π2

j2
l+1,n

< 1, (4.47)

2.2 'π2 j
2
1,2

j2
0,3

j2
1,2 − π2

j2
0,3

< π2 j2
l+1,n

j2
l−1,n+1

j2
l,n − π2

j2
l−1,n+1

< 1. (4.48)

Thus, by weakening the statement (4.35), we obtain a contradiction. This, in turn,
implies that said inequality is not obeyed by any linear combination of eigenstates of
the Laplacian.
This result was clearly premised on the accuracy of McMahon’s expansion,i. e. it

applies to large n, n′. In order to shed more light on the problem and provide further
evidence for the correctness of our claim, the right and left-hand sides of the inequality
(4.39) are displayed in Fig. 7 for all allowed (n, l, n′, l′) with n ≤ 50 and n′ ≤ 51 where
the green colour points at the area, in which it is satisfied. Obviously, none of the
investigated states obeys the inequality (4.39) and the difference to the line separating
the two generally increases with increasing n, l, n′, l′. There is no reason to expect this
to change for higher values of n, l, n′, l′.
Therefore, we conclude that the ground state ψ(0)

100 indeed saturates the uncertainty
relation, i. e.

Ψ0 = ψ
(0)
100. (4.49)

As perturbations (see section 4.2.3) are small by definition, this insight immediately
carries over to the slightly curved case. Furthermore, we can infer from this result,
that C1 = π for geodesic balls yielding the flat-space inequality

σπρ ≥ π~. (4.50)

This resembles but does not equal Heisenberg’s relation because it describes a different
setup which is nonlinearly related to the original one.
It was generalized to manifolds of constant curvature K in ref. [535], culminating in

the inequality

σπρ ≥ π~
√

1− K

π2ρ
2. (4.51)

However, in the course of said derivation, the author neglects complex linear combin-
ations of basis vectors, thus implicitly considering only real wave functions. Then, Eq.
(4.11) immediately implies Eq. (4.49), simplifying the problem. Although an analogous
argument to the one made in this section can probably also be applied to spaces of
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Figure 7: Visualisation of the left side and the right-hand sides of inequality (4.39) for
linear combinations of all eigenstates of the Laplacian with n ≤ 50, n′ ≤ 51.
Numerical results are symbolized by red dots. The inequality is satisfied in
the green area, while it does not hold in the red area. The plot set in the
upper left corner depicts the behaviour closer to the origin, i. e. for smaller
n, n′.

constant curvature and the result (4.51) definitely holds in the slightly curved case as
we verify in section 4.2.3, this result should still be taken with a grain of salt.
The power of the formalism introduced here, in the flat case akin to using a sledge-

hammer to crack a nut, is shown to unfold at full strength in the subsequent subsection,
where we obtain curvature induced corrections to the relation (4.50) perturbatively.

4.2.3. Perturbing around flat space

On the base of the results obtained in the preceding section, we can start adding slight
inhomogeneities to the problem. To this aim, we first discuss the perturbative expan-
sion of required quantities derived from the metric. Then, we deduce the consequences
for the eigenvalue problem, and spend some more time on geodesic coordinates to
highlight their relevance for the task.

Curvature-related quantities

Consider a generic perturbative curvature effect on a three-dimensional Riemannian
manifold, i. e. for a spatial metric splitting

ds2 =
[
g

(0)
ij + g

(1)
ij + g

(2)
ij

]
dxidxj, (4.52)
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where g(0)
ij denotes the unperturbed, in the present case flat, metric in some set of

coordinates xi, i = 1, 2, 3 (bear in mind that the sub- and superscripts (0), (1) and
(2) denote the perturbation order, and should not be understood as covariant or con-
travariant indices). Assuming the hierarchy |g(2)

ij | � |g
(1)
ij | � |g

(0)
ij |, the perturbation is

treated at second order throughout this section. Correspondingly, the inverse metric
can be approximated as[

g
(0)
ij + g

(1)
ij + g

(2)
ij

]−1
' gij(0) − εg

ik
(0)g

jl
(0)g

(1)
kl +

[
gik(0)g

ml
(0)g

(1)
kl g

(1)
mng

nj
(0) − g

ik
(0)g

jl
(0)g

(2)
kl

]
(4.53)

= gij(0) − g
ij
(1) +

[
gik(1)g

(1)j
k − gij(2)

]
,

where the last line was just given for notational reasons, i. e. to show that the unper-
turbed metric may be used to rise and lower indices. Furthermore, the determinant of
the metric reads

g ' g(0)
(
1 + g

(1)
ij g

ij
(0)

)
. (4.54)

This perturbative expansion carries over to all curvature related quantities. In partic-
ular, the Laplace-Beltrami operator, defined in Eq. (2.32), can generally be rewritten
as

∆ = gij
(
∂i∂j − Γlij∂l

)
, (4.55)

an expression which is clearly affected by the perturbation. Subjecting the background
manifold to the metric splitting (4.52), the Christoffel symbols become (up to 2nd order)

Γkij ' (0)Γkij + (1)Γkij + (2)Γkij, (4.56)

with the unperturbed symbol (0)Γkij and the higher-order expressions

(1)Γkij = 1
2
[
gkl(0)

(
∂ig

(1)
jl + ∂jg

(1)
il − ∂lg

(1)
ij

)
− gkl(1)

(
∂ig

(0)
jl + ∂jg

(0)
il − ∂lg

(0)
ij

)]
, (4.57)

(2)Γkij = 1
2

[
gkl(0)

(
∂ig

(2)
jl + ∂jg

(2)
il − ∂lg

(2)
ij

)
+
(
gkm(1) g

(1)l
m − gkl(2)

) (
∂ig

(0)
jl + ∂jg

(0)
il − ∂lg

(0)
ij

)
− gkl(1)

(
∂ig

(1)
jl + ∂jg

(1)
il − ∂lg

(1)
ij

) ]
. (4.58)

Accordingly, the Laplace-Beltrami operator inherits an order-by-order modification

∆ ' ∆(0) + ∆(1) + ∆(2), (4.59)

with the unperturbed operator ∆(0) and the respective higher-order corrections

∆(1) =− gij(1)∂i∂j −
(
gij(0)

(1)Γkij − g
ij
(1)

(0)Γkij
)
∂k, (4.60)

∆(2) =
(
gik(1)g

(1)j
k − gij(2)

)
∂i∂j

−
[
gij(0)

(2)Γkij +
(
gik(1)g

(1)j
k − gij(2)

) (0)Γkij − g
ij
(1)

(1)Γkij
]
∂k. (4.61)
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This clearly has an effect on the eigenvalue problem (4.7), which is the task of the
subsequent section.

Eigenvalue problem and uncertainty relation

Having put the Laplace-Beltrami operator into place, the eigenvalue problem (4.7a)
can be separated order by order expanding the eigenvalues and -functions as

λ = λ(0) + λ(1) + λ(2), (4.62)
ψ = ψ(0) + ψ(1) + ψ(2). (4.63)

In comparison to standard time-independent nonsingular perturbation theory in quan
tum mechanics, there is an additional subtlety arising at this point, though. According
to Eq. (4.54), perturbing the metric goes hand in hand with a perturbation of its
determinant, which is part of the measure dµ, with respect to which we define the scalar
product of the investigated Hilbert space in accordance with section 2.3. This translates
to a perturbatively expanded measure dµ ' dµ(0) + dµ(1), which, in turn, leads to a
perturbation of the scalar product in the position representation 〈, 〉 ' 〈, 〉0+〈, 〉1. Thus,
the structure of the Hilbert space itself, as it is expressed by the position representation,
is altered by the perturbation.
The unperturbed operator ∆(0) is self-adjoint with respect to dµ0, i. e. it is only

almost (meaning up to higher-order corrections) self-adjoint with respect to dµ. Hence,
the solutions of the unperturbed eigenvalue problem(

∆(0) + λ(0)
n

)
ψ(0)
n = 0 (4.64)

only furnish an almost orthonormal basis of H. How to deal with this unusual kind
of perturbation is explained in detail in appendix B, where this method is applied to
an abstract operator Ô, in this case corresponding to Ô = −∆. In the main text we
content ourselves with giving the perturbative corrections to the eigenvalues. At first
order, we obtain

λ(1)
n = −

∫
dµ0ψ

(0)†
n ∆(1)ψ(0)

n , (4.65)

which resembles ordinary perturbation theory. In particular, the expectation value is
evaluated with respect to the unperturbed measure. There is a significant change,
though, to second order. The corresponding correction reads

λ(2)
n =−

〈
ψ(0)
n

∣∣∣∆(2)ψ(0)
n

〉
0
−
∑
m6=n

〈
ψ(0)
m

∣∣∣∆(1)ψ(0)
n

〉
0

〈
ψ(0)
n

∣∣∣∆(1)ψ(0)
m

〉
0

λ
(0)
m − λ(0)

n

−
〈
ψ(0)
n

∣∣∣∆(1)ψ(0)
n

〉
1

+
∑
m

〈
ψ(0)
m

∣∣∣∆(1)ψ(0)
n

〉
0

〈
ψ(0)
n

∣∣∣ψ(0)
m

〉
1
, (4.66)

where, recall, the subscripts to the Dirac brakets yield the perturbation-order of the
scalar product.

47



4 GUPs and EUPs from the curvature of Riemannian backgrounds 48

Based on these results, we can determine the uncertainty relation perturbatively.
Applying Eq. (4.12) and the result in flat space (4.49), which, as has been alluded to
above, carries over to the slightly curved case, to Eqs. (4.13) and (4.14), we obtain

σπρ ≥ σπ (ψ100) ρ ' ~
√
λ

(0)
100 + λ

(1)
100 + λ

(2)
100. (4.67)

Thus, the ensuing task consists in calculating the corrections to the eigenvalue of the
ground state of the Laplace-Beltrami operator.
However, there is another subtlety in the execution of this exercise we have tacitly

glossed over until now. The eigenvalue problem (4.7) consists not only of the differential
equation (4.7a) - the boundary conditions have to be taken into account as well.
Depending on the choice of coordinates, they can depend on the perturbation order
as well as all the other ingredients. In particular, this happens for ordinary spherical
coordinates as those used in section 4.2.2, creating inhomogeneities that mix up the
order of perturbation. Fortunately, there is one (and only one) family of coordinate
systems that can come to the rescue!

Geodesic coordinates

As has been touched upon in section 4.2.1, geodesic coordinates σi = (σ, χ, γ) are
defined such that they mimic spherical coordinates for geodesic balls, with the geodesic
distance σ, whose exterior derivative acts as a surface normal of geodesic spheres,
playing the role of the radial coordinate. The boundary condition then simply reads

ψ|σ=ρ = 0. (4.68)

It is, thus, completely independent of the order of perturbation. But where did we hide
the corrections?
Recall the definitions of geodesic coordinates (4.18) and (4.19). Indeed, we camou-

flaged them into the coordinates themselves. Linearising those equations according to
the perturbative expansion of the metric, we can write

σi ' σi0 + σi1 + σi2, (4.69)

with the geodesic coordinates to nth order σin. Similarly, we perturbatively construct
partial derivatives with respect to the employed coordinates as

∂

∂σi
' ∂

∂σi0
− ∂σj1
∂σi0

∂

∂σj0
+
(
∂σj1
∂σi0

∂σk1
∂σj0

∂

∂σk0
− ∂σj2
∂σi0

∂

∂σj0

)
, (4.70)

which works up to second order because, expanded in this way, the relation

∂σj

∂σi
' δji (4.71)

is satisfied.
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As a starting point for the perturbative treatment, we have to express the given
metric in terms of geodesic coordinates. Then, Eqs. (4.18) and (4.19) become simply

gσi = δσi , (4.72)

while the remaining three independent components of the metric contain all the in-
formation about the underlying space. If as in the present case the background is flat,
the unperturbed coordinates σi0 = (σ0, χ0, γ0) furnish a spherical coordinate system
constructed around p0.
Hence, we can solve the problem employing geodesic coordinates and expressing

them in terms of ordinary spherical coordinates. In which way, though, does the per-
turbative splitting (4.52) precisely arise in the first place?

4.2.4. Small position uncertainties and Riemann normal coordinates

We can understand the expansion (4.52) to be constructed on the base of the assump-
tion of small geodesic balls respective to background curvature length scales such as
the Ricci and Kretschmann (K ≡ RikjlR

ikjl) scalars. This can be achieved explicitly by
invoking Riemann normal coordinates xa [539, 540]. We thus demand the extent of the
geodesic balls to be restricted such that the entire domain is situated in a sufficiently
small neighbourhood of p0 for the metric to be approximated as

gij '
∂xa

∂σi
∂xb

∂σj

(
δab −

1
3Racbd|p0x

cxd
)
, (4.73)

with the Riemann tensor Racbd. Thus, to zeroth approximation space is flat and there
is no first order correction.
Correspondingly, the inverse metric reads

gij ' ∂σi

∂xa
∂σj

∂xb

(
δab + 1

3R
a b
c d|p0x

cxd
)
, (4.74)

where the flat space metric δab is used to rise and lower indices. As the first- and third-
order corrections to the metric vanish the second and fourth order can be treated
analogously to first- and second-order corrections.
First, it is shown that Riemann normal coordinates are "geodesic Cartesian coordin-

ates" in the sense that spherical coordinates constructed around the center of the balls
p0 equal geodesic coordinates σi0 = σi (c. f. Eq. (4.69)), i. e.

x1 = σ sinχ cosφ, (4.75a)
x2 = σ sinχ sinφ, (4.75b)
x3 = σ cosχ. (4.75c)

This evidently amounts to an enormous simplification in solving the general problem
analytically. To proof it, it suffices to derive Eq. (4.72) from Eqs. (4.73) and (4.75).
The former of the two equations implies that

gσi '
∂xa

∂σ

∂xb

∂σi

(
δab −

1
3Racbd|p0x

cxd
)
. (4.76)
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Note that we can associate xa = σla with the unit radial vector

la ≡ (sinχ cos γ, sinχ sin γ, cosχ), (4.77)

and similarly, according to Eq. (4.75), ∂xa/∂σ = la. Plugging those into Eq. (4.76),
we obtain

gσi ' la
∂xb

∂σi

(
δab −

σ2
0

3 Racbd|p0l
cld
)
, (4.78)

which by the symmetries of the Riemann tensor and the orthonormality of spherical
coordinates becomes

gσi = la
∂xa

∂σi
(4.79)

= δσi , (4.80)

thereby recovering Eq. (4.72) as promised. In particular, the same reasoning applies
to all higher-order corrections, proving that Riemann normal coordinates are in fact
geodesic Cartesian coordinates. Thus, an additional change of coordinates is rendered
unnecessary and we can immediately continue with the formalism developed above.
The second-order correction to the Christoffel symbols reads [540]

(2)Γcab = 1
3 (R c

bda +R c
adb ) |p0x

d, (4.81)

where we used the fact that the metric in the point p0 truly equals the identity δab.
Hence, we can easily derive the curvature’s influence on the Laplace-Beltrami operator

∆(2) = 1
3
(
Ra b

c d|p0x
cxd∂a − 2Rb

a|p0x
a
)
∂b. (4.82)

As, in accordance with Eq. (4.65), this operator is acting solely on the wave function
ψ100, which is a function of the coordinate σ alone, the only required quantity reads

∆(2)ψ100(σ) = −σ3Rcd|p0l
cld∂σψ100. (4.83)

Taking into account Eq. (4.65), this translates into the second-order correction to the
eigenvalue

λ
(2)
100 = 1

3

∫ ρ

0
σ3ψ

(0)†
100 ∂σψ

(0)
100

∫
S2
Rab|p0l

albdΩ, (4.84)

with the solid angle dΩ = sinχdχdγ. The two integrals can be evaluated independently
to yield ∫ ρ

0
σ3ψ

(0)†
100 ∂σψ

(0)
100 = − 3

8π , (4.85)∫
S2
Rab|p0l

albdΩ = 4π
3 R|p0 . (4.86)
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Plugging these back in, we obtain the correction

λ
(2)
100 = −R|p0

6 , (4.87)

which leads to the uncertainty relation to second order

σπρ & π~
√

1− R|p0

6π2 ρ
2 (4.88)

' π~
(

1− R|p0

12π2ρ
2
)
. (4.89)

A higher-order treatment of the problem is possible, yet tedious. An account to fourth
order is given in appendix C. In short, the third-order correction vanishes and plugging
in Eq. (C.32), the final formula for the uncertainty approximated at fourth order reads

σπρ &π~

√√√√√1− R |p0

6π2 ρ
2 − η

π2

(
Ψ 2

2 + ∆R
15

) ∣∣∣∣∣∣
p0

ρ4, (4.90)

with the zeroth-order Cartan invariant Ψ2, which in three dimensions satisfies [541]

Ψ 2
2 = 3RabRab −R2

72 (4.91)

and the numerical constant

η = 2π2 − 3
8π2 . (4.92)

Hence, the uncertainty relation may also be modified on manifolds with vanishing Ricci
scalar such as the one described by the induced metric on hypersurfaces of constant
time in the static Schwarzschild patch.
Up until now the investigations in the present section derive from curved spaces

alone. Correspondingly, as of yet the reasoning has been based on the canonical com-
mutation relations (2.12). Yet, modified commutation relations may be applied to the
given problem as well. This idea is investigated in the subsequent section.

4.3. Asymptotic Generalized Extended Uncertainty Principle
For reasons of simplicity, we contend ourselves with the version of the modified algebra
yielding commutative coordinates (3.22). As explained in section 3.1.2, we can then
express the momentum operator in terms of an auxiliary quantity π̂i, which satisfies
the canonical commutation relations (2.12), i. e. it represents the normal quantum
mechanical momentum operator (2.18). Following this ansatz, the GUP-deformed mo-
mentum operator Π̂i reads

Π̂i = π̂i

(
1 +

βl2p
~2 π̂

2
)
, (4.93)
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leading to coordinate-independent scalar operator from geometric calculus

Π̂/Π = π̂/π

(
1 +

βl2p
~2 π̂

2
)
. (4.94)

All the results obtained in this section were written in terms of eigenvalues of π̂2. As
π̂/π and Π̂/Π commute, we can simply translate the already obtained results in terms of
the observable π̂/π into equivalent quantities related to the modified operator Π̂/Π.
Per definitionem, we have

σΠ ≡
√〈

Π̂/Π2
〉
−
〈
Π̂/Π
〉2

=
√〈

Π̂2
〉
− δab

〈
Π̂a

〉〈
Π̂b

〉
. (4.95)

For all wave-functions ψn solving the eigenvalue problem (4.7) we can write〈
Π̂/Π
〉

=
〈
ψn
∣∣∣Π̂/Πψn〉 (4.96)

=
〈
ψn

∣∣∣∣∣π̂/π
(

1 +
βl2p
~2 π̂

2
)
ψn

〉
(4.97)

=
〈
ψn
∣∣∣π̂/π (1 + βl2pλ

2
)
ψn
〉

(4.98)

= 〈π̂/π〉
(
1 + βl2pλ

2
)

(4.99)
= 0, (4.100)

where we used Eqs. (4.7) and (4.12). If the correction induced from quantum gravity
is small, the ground state ψ100 continues to saturate the uncertainty relation by the
same argument as in the slightly curved case (see section 4.2.3). On the other hand,
we have

〈
Π̂2
〉
'
〈
ψ

∣∣∣∣∣π̂2
(

1 + 2
βl2p
~2 π̂

2
)
ψ

〉
(4.101)

' ~2λ
(
1 + 2βl2pλ

)
. (4.102)

This information suffices to obtain the standard deviation of the modified momentum
operator leading to the uncertainty relation

σΠρ ≥ ~ρ
√
λ
(
1 + 2βl2pλ

)
(4.103)

& ~
√
ρ2λ

(
1 + βl2pλ

)
. (4.104)
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Plugging in the eigenvalue in the general case to lowest nonvanishing order (4.87) leads
to the asymptotic form of both the EUP and the GUP, i. e. to the AGEUP

σΠρ &π~
√

1− R|p0ρ
2

6π2

[
1 + π2β

l2p
ρ2

(
1− R|p0ρ

2

6π2

)]
(4.105)

'π~
√

1− R|p0ρ
2

6π2

(
1 + β

l2pσ
2
π

~2

)
(4.106)

'π~
(

1− R|p0ρ
2

12π2 + β
l2pσ

2
π

~2

)
(4.107)

for small R|p0ρ
2 and l2p/ρ2. In the special case of flat space this recovers the usual GUP

σΠρ & π~
(

1 + β
l2pσ

2
Π

~2

)
. (4.108)

In every other case it leads to a GEUP in the given space once the EUP is known.

4.4. Summary
We presented a formalism which allows for an asymptotic derivation of the EUP on
arbitrary three-dimensional Riemannian manifolds, as given by our formula (4.90).
Interestingly, the leading (second-order) curvature-induced correction is proportional
to the Ricci scalar, while the fourth-order correction is proportional to the zeroth-order
Cartan invariant Ψ2 and the curved space Laplacian of the Ricci scalar, all evaluated
at the expectation value of the position operator.
Finally, the formalism was extended phenomenologically to combine the result with

the GUP by virtue of deformed commutators. Thus, we presented an asymptotic form
of the GEUP in the low energy limit given by the formula (4.107), which is our main
achievement.
These results show that ordinary quantum mechanics entails an extended uncer-

tainty relation if we include the curvature of space. What do we make out of this
result? As mentioned at the beginning of this section, the motivation for GUPs and
EUPs is quite vague inasmuch as it leaves open which kind of uncertainty relation is
involved and which mathematical mechanism underlies the modification. Especially,
the EUP in and of itself should just be an effect implied by the semiclassical combin-
ation of gravity and quantum mechanics alone as in quantum field theory in curved
spacetime. Sure enough, this is exactly what we have obtained in its nonrelativistic
limit - quantum mechanics on curved backgrounds. What does this imply for the
GUP, though? Following the reasoning on Born reciprocity in section 4.1.1, an ana-
logous derivation can be carried out in curved momentum space, yielding precisely
such a relation. Furthermore, Eq. (4.108) implies the same on the base of modified
commutators. This clearly suggests a link between the two approaches.
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5. Generalisation to curved spacetime
The reasoning of the preceding chapter must always be understood to be derived from
and approximate to an underlying relativistic theory. Curved spaces do not arise out
of nowhere, they can be understood as spacelike slices of spacetime, evolving according
to the field equations of general relativity. How exactly this can be incorporated is the
matter of the present section.
In that regard, we first (c. f. section 5.1) have to deal with the Hamiltonian dynamics

of a generally relativistic particle. Taking its non-relativistic limit, we define the phys-
ical momentum operator in section 5.2, which, as we discover, may contain a term akin
to a magnetic one-form. From there, we use section 5.3 to follow a derivation, which
is analogous to the one performed in the previous section to provide an uncertainty
relation in accordance the spacetime picture. The results are summarized in section
5.4. This material is taken out of Ref. [3].

5.1. Derivation of the effective Hamiltonian
This subsection serves as a derivation of the effective dynamics of a non-relativistic
particle on a curved four-dimensional background. To this aim, the action of a massive
relativistic particle, subject to a curved geometry, can be written as

S = −m
∫

ds (5.1)

= −m
∫ √
−gµν(x)ẋµẋνdτ, (5.2)

with the background metric gµν , the four-velocity ẋµ = dxµ/dτ (τ denotes the affine
parameter along the curve) and the mass of the particle m. Correspondingly, the
Lagrangian, giving rise to its dynamics, reads

L = −m
√
−gµν(x)ẋµẋν . (5.3)

Note that the action (5.2) is invariant under temporal reparameterizations τ ′ = τ ′(τ)
for any sufficiently well-behaved function τ ′.
After some algebra, the Lagrangian can be recast as

L =−m
[ (
−g00 + g0ig0jh

ij
)

(ẋ0)2 −
(
ẋ0g0kh

ik + ẋi
) (
ẋ0g0lh

jl + ẋj
)
gij

]1/2
, (5.4)

with hikgkj ≡ δij. Thus, hij is the inverse of the induced metric on hypersurfaces of
constant x0. The Lagrangian can be further simplified by introducing the background
field quantities

N =
√
−g00 + g0ig0jhij, (5.5)

N i =g0jh
ij, (5.6)
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which are readily identified as the lapse function and the shift vector in the 3+1
formalism [542–544]. According to this approach to curved Lorentzian manifolds, any
metric can be expressed as [545]

ds2 = −N2
(
dx0

)2
+ hij(N idx0 + dxi)(N jdx0 + dxj), (5.7)

with hij ≡ gij. Thence, the Lagrangian reads

L = −m
√
N2 (ẋ0)2 − (ẋ0N i + ẋi) (ẋ0N j + ẋj)hij, (5.8)

which under the assumption that ẋ0 > 0 (i. e. that coordinate time is progressing in
the same direction as the particle’s proper time) can be written as

L =−mNẋ0

√√√√1− (ẋ0N i + ẋi) (ẋ0N j + ẋj)hij
N2 (ẋ0)2 (5.9)

≡−mNẋ0√1− V2, (5.10)

where the last equality defines V , the curved spacetime analogue of the velocity in
units of the speed of light in special relativity. In terms of the conjugate momenta

Pµ = mgµν ẋ
ν/
√
−gµν ẋµẋν , (5.11)

we find that V/(1 − V) = hijPiPj/m
2, implying that the non-relativistic limit cor-

responds to V � 1, as expected. Therefore, we can expand Eq. (5.10) to obtain the
effective nonrelativistic Lagrangian

LNR = m

2ẋ0

(
ẋ0N i + ẋi

) (
ẋ0N j + ẋj

)
Gij −mNẋ0, (5.12)

with the effective 3-metric Gij = hij/N. For the purpose of the subsequent sections,
this metric is used to lower and raise indices and as the background for differential
geometric quantities.
The effective nonrelativistic action SNR =

∫
LNRdτ still harbours the time repara-

meterization invariance alluded to above. For simplicity, we fix the gauge by choosing
x0 = τ to obtain the nonrelativistic Lagrangian

LNR = m

2
(
N i + ẋi

) (
N j + ẋj

)
Gij −mN. (5.13)

A closer look at this function tells us that it is of the form

LNR = m

2 ẋ
iẋjGij +mẋiAi −mφ, (5.14)

with Ai = N jGij and φ = N−N iN jGij/2. This is clearly reminiscent of the Lagrangian
describing a charged nonrelativistic particle minimally coupled to an electromagnetic
gauge one-form Aµ = (φ,Ai), where the mass m plays the rôle of the charge.
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On the other hand, the Lagrangian is additionally invariant under the gauge trans-
formation A→ Ai + ∂if, φ→ φ− ḟ , Gij → Gij for any scalar function f(xi, t), while
the canonical momenta

πi = ∂LNR
∂ẋi

= mGij

(
ẋj +N j

)
(5.15)

are not, rendering them unobservable. Therefore, we define the gauge-invariant physical
momenta as

pi ≡ πi −mN jGij, (5.16)
in terms of which the Hamiltonian reads

HNR = 1
2mpipjG

ij +mφ. (5.17)

Having found the effective Hamiltonian, we are now able to give a quantum mechanical
description of nonrelativistic particles in curved spacetime.

5.2. Setup
Aiming towards an uncertainty relation derived from curved spacetime, we have to find
the quantum mechanical counterpart of the theory outlined in the previous section.
Therefore, we need an interpretation of the mathematics of spacetime we used there.
Furthermore, we need to define the physical momentum operator and its standard
deviation to be well-prepared for the explicit calculation.

5.2.1. Spacetime picture

First, observe that the quantity V , defined in Eq. (5.10), is not a spacetime scalar. Thus,
when cutting off the expansion (5.12) at any order, we break the four-dimensional
diffeomorphism invariance of the problem, introducing a preferred frame. Taking the
nonrelativistic limit, this was expected. However, it is not necessarily the rest-frame
of the particle we are dealing with. Instead, it should be understood as the rest frame
of the lab containing the device used to perform a measurement on the system.
The time-parameter appearing in the Schrödinger equation should then be defined

in accordance with this slicing while the Hilbert space is equivalent to the one in-
troduced in section 4.1.2, featuring an analogous background metric induced measure
(c. f. section 2.3).
However, note that the dynamics of the massive particle on these spacelike hyper-

surfaces are not governed solely by the respective induced metric. The lapse function,
admittedly a slicing-dependent quantity, enters as well. As the succession of spacelike
hypersurfaces and the kinematics of the quantum theory are unambiguously described,
we can now go on to define the operator describing the physical momentum.

5.2.2. Physical momentum operator and its standard deviation

As we pointed out above, the effective Hamiltonian (5.17) entails a certain amount
of gauge freedom, necessitating the definition of the gauge invariant, i. e. physical,
momenta pi in accordance with Eq. (5.16). If we want the uncertainty relation to be
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associated with measurable quantities, it has to contain the extra term introduced
there. Accordingly, we define the momentum operator

p̂iψ =
(
π̂i −mÂi

)
ψ ≡ −

[
i~
(
∂i + 1

2Γjij
)

+mN jGij

]
ψ, (5.18)

where the canonical momentum operator π̂i and the effective gravitomagnetic one-form
Âi are defined according to the second equality. As this operator is, again, a vector,
we can provide its scalar version applying geometric calculus as in Eq. (2.30)

/̂pψ ≡
(
π̂/π −mÂ/A

)
ψ. (5.19)

Thus, the aim of the present section lies in compute its standard deviation

σp ≡
√
〈p̂/p2〉 − 〈p̂/p〉2 =

√
〈p̂2〉 − 〈p̂/p〉2. (5.20)

The square of the momentum operator, required for its determination, is of the form

p̂2 = π̂2 − 2mp̂2
mix +m2ĜijN̂

iN̂ j, (5.21)

where π̂2ψ = −~2∆ψ and p̂2
mix mixes canonical momenta and the shift vector. Under

the assumptions that it is Hermitian and leads to the correct classical limit, the latter
operator reads

p̂2
mix = 1

2
{
π̂/π, N̂/N

}
= 1

2
{
π̂i, N̂

i
}
. (5.22)

After some elementary algebra, it can be seen that it acts on wave functions as

p̂2
mixψ = −i~2

[
∇i

(
N i
)

+ 2N i∂i
]
ψ, (5.23)

with the covariant derivative ∇i with respect to the canonical connection of Gij. Note
that the first term in (5.23) is anti-Hermitian. Since p̂2

mix, on the other hand, is Her-
mitian, the anti-Hermitian part of the second term is cancelled by the first one. Thus,
we can rewrite p̂2

mix as

p̂2
mixψ =

(
−i~N i∂i

)
H
ψ =

(
N̂ iπ̂i

)
H
, (5.24)

where the subscript H denotes the Hermitian part.
Summing up the outcome of this subsection, the relevant operators act as

/̂pψ =γi~
[
−i
(
∂i + 1

2Γjij
)
− GijN

j

λC

]
ψ, (5.25)

p̂2ψ =~2
[
−∆ + 2

λC

(
iN i∂i

)
H

+ N iN jGij

λ2
C

]
ψ, (5.26)

with the reduced Compton wavelength λC = ~/m.
Having discovered the position space representation of the linear and squared mo-

mentum operators in (5.25) and (5.26), respectively, we can, again, define the mo-
mentum uncertainty as in Eq. (4.2). The remainder of the present section is centered
around the evaluation of this quantity.

57



5 Generalisation to curved spacetime 58

5.3. Explicit solution
Following the approach in section 4.2.4, we calculate the uncertainty relation perturb-
atively. In particular, we now expand Gab in Riemann normal coordinates xa to second
order

Gab ' δab −
1
3Racbd|p0x

cxd. (5.27)

This implies the perturbation of the eigenvalue problem (4.7) treated at length in
section 4.2.3. However, there are additional degrees of freedom to be considered. By
analogy with the metric being expanded in Riemann normal coordinates, the shift
vector should be treated perturbatively too, i. e.

Na 'Na
(0) +Na

(1) +Na
(2) (5.28)

=Na|p0 +∇bN
a|p0x

b +∇b∇cN
a|p0x

bxc. (5.29)

This means that, in principle, the shift vector could yield zeroth and first order cor-
rections. In contrast to section 4.2.4, we treat the perturbation at second order.
Hence, the standard deviation of the momentum operator, possibly having extra

contributions at first order, now reads

σp '
√(

σ2
p

)(0)
+
(
σ2
p

)(1)
+
(
σ2
p

)(2)
, (5.30)

where we introduced the variance σ2
p. Again, the task consists in evaluating this quant-

ity order by order.

5.3.1. Flat space

By analogy with Eqs. (4.2) and (5.30), we introduce the variances of the conjugate
momentum operator π̂/π and the shift vector N̂/N, denoted σ2

π and σ2
N , respectively. At

zeroth order, the momentum uncertainty can then be expressed as

σ(0)
p =

√√√√(σ2
π)(0) + 2~

λC
Na|p0〈− (π̂a)H + π̂a〉(0) + ~2

λ2
C

(σ2
N)(0)

. (5.31)

As the momentum operator πa is Hermitian, the term in the brackets vanishes. Moreover,
it is a simple exercise to show that a similar cancellation occurs to the variance of the
shift vector leaving us with

σ(0)
p = σ(0)

π . (5.32)
Hence, it has no influence at zeroth order. These considerations hold independently
of the state with respect to which the uncertainty is calculated. Thus, the reasoning
employed in section 4.2.2 applies equivalently at this point. In particular, the state
of smallest momentum uncertainty continues to be the ground state of the Laplace-
Beltrami operator ψ(0)

100, defined in Eq. (4.26), implying the eigenvalue λ(0)
100 = ~2π2/ρ2

(c. f. Eq. (4.27)).
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This has direct nonperturbative consequences for the problem. First, according to
Eq. (5.24), we can generally write〈

p̂2
mix

〉
= −~Im

∫
dµψ∗Na∂aψ. (5.33)

As the eigenstates of the Laplace-Beltrami operator ψn are real (see section 4.2.2), the
integrand appearing in this case is purely real and so is the integral. Thus, evaluated
with respect to those states, in particular the ground state, the expectation value of
p̂2
mix vanishes. Furthermore, terms mixing expectation values of the shift vector and the

momentum vanish identically due to Eq. (4.12). Then, the variance of the momentum
operator in the ground state equals

σ2
p (ψ100) = σ2

π (ψ100) + ~2

λ2
C

σ2
N (ψ100) (5.34)

nonperturbatively.
Moreover, the unperturbed uncertainty relation is clearly unaltered with respect to

section 4.2.2 (c. f. Eq. (4.50))
σ(0)
p ρ ≥ π~. (5.35)

As the state of lowest momentum uncertainty is identified, it is time to evaluate the
curvature- induced corrections

5.3.2. Perturbing around flat space

Contributions to (σ2
π) from the nontrivial effective metric appear at second order and

the first-order correction to (σ2
N) is subject to similar cancellations as in Eq. (5.31).

Hence, this contribution to the variance of the physical momentum operator vanishes(
σ2
p

)(1)
(ψ100) = 0, (5.36)

from which we deduce that the shift vector corrects the uncertainty relation at the
same order as the background curvature.
Besides, we already derived the correction to the standard deviation induced by

spatial curvature in Eq. (4.65), obtaining
(
σ2
π

)(2)
(ψ100) = −1

6R|p0 . (5.37)

Have in mind that the Ricci scalar is deduced from the effective metric Gab here. Thus,
we are left with the second-order correction to the variance of the shift vector, which,
after cancellations, reads(

σ2
N

)(2)
= ∇aN

i∇bN
jGij|p0

(
〈x̂ax̂b〉 − 〈x̂a〉〈x̂b〉

)(0)
. (5.38)

When evaluated with respect to the ground state, the second term in the bracket,
being an integral over an odd function, vanishes, while the first yields

〈
ψ100

∣∣∣x̂ax̂bψ100
〉(0)

= ρ2

18

(
2− 3

π2

)
δjk. (5.39)
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Finally, lowering and raising indices with the effective metric Gab, the second-order
correction to the variance of the physical momentum operator equals

(
σ2
p

)(2)
(ψ100) = −R|p0

6 + ξ
ρ2

2λ2
C

∇jNi∇jN i|p0 , (5.40)

where we introduced the mathematical constant ξ = (2− 3/π2)/9.
Observe that, though it seems to be of fourth order at first glance due to the factor

ρ2, the second term is actually quadratic because the expansion done here is performed
in terms of ρ

√
R where R denotes any curvature invariant with dimensions of squared

inverse length.
In fact, the nonrelativistic limit implies p2/m2 � 1. By virtue of Eq. (4.27), we

know that the ground state of the Laplacian obeys 〈p̂2〉 ∼ (~/ρ)2 (actually this holds
for all its eigenstates). Adding the definition of the reduced Compton wave length, we
thus obtain ρ2/λ2

C ∼ m2/〈p̂2〉 � 1. Depending on the magnitude of the shift vector,
which is usually small, in the nonrelativistic context, this term can become dominant.

5.3.3. Result

Gathering all the results from the previous sections and introducing the Compton
wavelength λC ≡ 2πλC , we obtain the uncertainty relation

σpρ &π~
[
1− ρ2R|p0

12π2 + ξ
ρ4

λ2
C

∇jNi∇jN i|p0

]
. (5.41)

In short, given a four-metric gµν and an observer defining a foliation of spacetime, the
uncertainty relation (5.41) can be computed asymptotically by evaluating the Ricci
scalar derived from Gab and the corresponding covariant derivative of the shift vector
at p0.
The above expression can be applied to any spacetime metric written in 3+1 form,

and is heavily influenced by its intrinsic characteristics. Therefore, the resulting effect
is directly dependent on the background spacetime and the foliation given by the
observer, i. e. the measurement apparatus.

5.4. Summary
The present section served to include the spacetime picture into the approach to grav-
itationally induced uncertainty relations pursued in section 4. In that vein, the four-
dimensional background metric is split in accordance with the ADM decomposition,
i. e. into lapse function, shift vector and induced metric on hypersurfaces of constant
coordinate time. Correspondingly, the dynamics of nonrelativistic particles are gov-
erned by an effective background metric, which does not equal the induced metric on
hypersurfaces, the shift vector and lapse function, which, together, minimally couple
to the mass of the particle by analogy with the electromagnetic one-form.
Similarly to section (4), the investigated Hilbert space consists of wave functions

confined to a geodesic ball by applying Dirichlet boundary conditions. Within this
domain, placed on a flat background, we find the state which saturates the uncertainty
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relation, the ground state of the Laplacian. Afterwards, we gradually add in curvature
following the Riemann normal coordinate expansion.
As a result, the uncertainty relation in flat space is corrected by terms depending

on the norm of the gradient of the shift vector, evaluated at the center of the ball, in
addition to the contribution stemming from the Ricci scalar of the effective metric.
Thus, this expression can also be used to describe rotating backgrounds.
However, the calculations performed in the present section were situated well in the

nonrelativistic realm. One might wonder how to obtain a general relativistic uncer-
tainty relation. This will be the matter of the subsequent section.
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6. Relativistic generalization
The approach introduced in the preceding section was manifestly nonrelativistic. There-
fore, a generally covariant formulation of the problem is difficult to conceive. In this
section we try to take the first step towards making this relation relativistically in-
variant by leaving out the nonrelativistic limit taken in going from Eq. (5.10) to Eq.
(5.12) (c. f. section 6.1). This leads to ordering ambiguities in the quantum mechanical
description, which are dealt with in section 6.2 and fortunately cancel in the result.
Furthermore, we follow a derivation similar to those in the previous sections, intro-
ducing the Riemann Normal coordinate expansion in section 6.3 and performing the
explicit calculation in section 6.4. Section 6.5 provides an outline on how to extend
the framework to incorporate general covariance. Finally, section 6.6 is intended to
summarize the results. The material for this section is extracted from Ref. [5].

6.1. Dropping the relativistic limit
We start at the relativistic Lagrangian provided in Eq. (5.10). The corresponding
action continues to be invariant under time reparameterizations. Therefore, we can,
again, pick x0 = τ. Applying this choice, the canonical momenta read

πi = m
Gij(ẋj +N i)√

1− V2
. (6.1)

This relation has to be inverted to be able to express the velocities in terms of the
momenta, which can be achieved by squaring the relation (6.1)

π2 ≡ πiπjG
ij = m2N

V2

1− V2 . (6.2)

Hence, we can rewrite the magnitude of the relativistic velocity V in terms of the
canonical momenta as

V2 = π2

m2N + π2 . (6.3)

Correspondingly, we indeed find an inversion of Eq. (6.1) in

ẋi =
√

1− V2

m
Gijπj −N i. (6.4)

In the nonrelativistic limit the physical momentum is defined as pi = mGijẋ
j. In a

generally relativistic context, though, we have to redefine the physical momentum,
multiplying the equivalent of the γ-factor in special relativity

pi ≡
mGijẋ

j

√
1− V2

= πi −
√

1 + π2

Nm2mGijN
j (6.5)

to account for standard relativistic effects. Note that due to Eq. (6.2) the extra factor
appearing here becomes trivial in the nonrelativistic limit V � 1 or, by Eq. (6.3),
π2/Nm2 � 1. For small canonical momenta with respect to the particle’s mass, this
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clearly recovers Eq. (5.16). In the ultrarelativistic limit, i. e. V ' 1 or π2/Nm2 � 1,
on the other hand, it results in

pi|V'1 ≡ mGijẋ
j
∣∣∣
V'1

= πi −
√
π2GijN

i/
√
N, (6.6)

which, being independent of the mass, also applies to massless particles.
Before we dive into the quantum mechanical calculations, we need to settle an

additional ambiguity, which, in principle, always arises when turning commuting into
noncommuting variables.

6.2. Operator ordering ambiguities
Quantization, provided we understand it as such in the first place, is not an inject-
ive map. In fact, given any classical function there is an infinite number of possible
quantum operators corresponding to it. Consider, for example, the squared position
in one dimension, x2, which could be derived as the classical limit of any operator of
the symmetric form

F (p̂)x̂F−2(p̂)x̂F (p̂) = x̂2 + ~2

(F ′
F

)2

+ F ′′

F

 , (6.7)

for a general real function F. In the end, it is up to experiment to decide on the correct
definition even though there may be theoretical reasons to prefer one ordering over
another. For instance, the Laplace-Beltrami operator, a quantization of the classical
function gij(x)pipj, apart from being backed by experiment, has the added advantage of
being invariant under spatial diffeomorphisms as expected from the squared magnitude
of the physical momentum. In the more primitive case of Eq. (6.7), however, there is
just no reason to expect anything else than x̂2 to be the quantization of the squared
position. If no other principles can be found to guide the choice of ordering, it is, thus,
intuitive to refrain from adding more ingredients. Furthermore, as they are supposed
to be observables, the resulting operators have to be symmetric.
In comparison to the nonrelativistic version (5.16), the relativistic momentum (6.5)

mixes positions and canonical momenta. Thus, it is not of the primitive form featured
in Eq. (6.7). Not specifying the exact prescription, its quantum mechanical counterpart
can be written as

/̂p = π̂/π −m

√1 + π̂2

N̂m2
N̂/N


O

, (6.8)

where the subscript O stands for any symmetric ordering without addition of extra
operators. Then, the inequality, which is at the heart of the present work, has to be
derived from the standard deviation of the physical momentum operator provided in
Eq. (5.20). The rest of the treatment is analogous to the one introduced in section 5.3.
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For the purpose of calculating this quantity, it is solely required to show that any
symmetric term containing a power of the squared conjugate momentum and a position
coordinate, satisfies

1
2
(
π̂2J x̂aπ̂2(N−J) + π̂2(N−J)x̂aπ̂2J

)
=1

2
{
x̂a, π̂2N

}
+
[
π̂2(N−J),

[
x̂a, π̂2J

]]
(6.9)

=1
2
{
x̂a, π̂2N

}
, (6.10)

with J ∈ (0, 1, . . . ,N ) and that similarly, once two coordinates are included

1
2
(
π̂2J x̂aπ̂2K x̂bπ̂2[N−(J+K)] + π̂2[N−(J+K)]x̂bπ̂2K x̂aπ̂2J

)
=1

2
{
x̂ax̂b, π̂2N

}
+ i~

{
J
[
π̂2[N−(J+K)]x̂b, π̂aπ̂2(J+K−1)

]
− (J +K)

[
x̂a, π̂bπ̂2(N−1)

]}
(6.11)

=1
2
{
x̂ax̂b, π̂2N

}
+ ~2

{
Jπ̂2(N−1)δab + 2 [(J +K)(N − 1)

−J(J +K − 1)] π̂2(N−2)π̂aπ̂b
}
, (6.12)

with J,K ∈ (0, 1, . . . ,N ) and J+K ∈ (0, 1, . . . ,N ). This implies that every function f
which is analytic on IR+ and, therefore, can be expanded nonsingularly for all elements
in the spectrum of π̂2 will satisfy

[
f(π̂2)xa

]
O

=1
2 {x̂

a, f (π̂)} , (6.13)[
f(π̂2)x̂ax̂b

]
O

=1
2
{
x̂ax̂b, f (π̂)

}
+ ~2

[
G
(
π̂2
)
δab + G̃

(
π̂2
)
π̂aπ̂b

]
, (6.14)

where the subscript O symbolizes a general symmetric ordering without adding ex-
tra operators, and we introduced the two additional, not specified, but equally ana-
lytic functions G and G̃. Similar results hold for symmetric orderings of the forms
[f(π̂2){xaπb}g(π̂2)]O and [f(π̂2){xaxbπcπd}g(π̂2)]O, where the curly brackets indicate
that the ordering in their interior is fixed. These identities suffice to show that the
resulting uncertainty relation is independent of employed ordering.
As position- and momentum-dependent operators appear within one square root in

the expression (6.8), the ordering has to be enforced at the perturbative level, which,
fortunately, is exactly what is required for the purpose of this section.

6.3. Riemann normal coordinates
Assuming small position uncertainties, the geometry of the relevant neighbourhood
of the underlying three-dimensional manifold may be approximated by describing the
effective spatial metric in terms of Riemann normal coordinates xa, defined around
the point p0 as in Eq. (4.73) and the shift vector as in Eq. (5.29). Furthermore, the
lapse function may be expanded as

N 'N |p0 +∇bN |p0x
b +∇b∇cN |p0x

bxc. (6.15)
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Being a quantity derived from the metric, the canonical momentum operator is ex-
panded as π̂/π ' π̂/π(0) + π̂/π(2). This implies that, applying Eqs. (6.13) and (6.14) and the
relation [π̂/π, x̂a] = [π̂/π(0), x̂

a], the physical momentum operator satisfies order by order

/̂p(0) =π̂/π(0) −m/N |p0

√
1 + Π̂2, (6.16a)

/̂p(1) =m2

1
2
/N∇a lnN

∣∣∣
p0

x̂a, Π̂2√
1 + Π̂2

−∇a /N |p0

{
x̂a,

√
1 + Π̂2

} , (6.16b)

/̂p(2) =π̂/π(2) + m

4

(∇a /N∇b lnN + /N
∇a∇bN

2N

)∣∣∣∣
p0

x̂ax̂b, Π̂2√
1 + Π̂2


− /N

∇aN∇bN

4N2

∣∣∣∣
p0

x̂ax̂b,
Π̂2
(
4 + 3Π̂2

)
(
1 + Π̂2

)3/2

−∇a∇b /N |p0

{
x̂ax̂b,

√
1 + Π̂2

}

−
/N

2Nm2

∣∣∣∣∣
p0

π̂2
(2),

1√
1 + Π̂2


+ /Gab

(
π̂2

(0)

)
δab + /̃Gab

(
π̂2

(0)

)
π̂a(0)π̂

b
(0), (6.16c)

where we introduced the ordering-dependent tensor- and vector-valued functions /Gab
and /̃Gab, which are analytic on IR+, and the operator Π̂2 ≡ π̂2

(0)/N |p0m
2. Its expectation

value 〈
Π̂2
〉

=
V2

(0)

1− V2
(0)

(6.17)

measures the degree of relativity of the given state at lowest order. Functions of Π̂2

can be expanded in the eigenstates of the Laplacian

f
(
Π̂2
)
≡
∑
n,l,m

f

 ~2λ
(0)
nl

m2N |p0

 ∣∣∣ψ(0)
nlm

〉〈
ψ

(0)
nlm

∣∣∣, (6.18)

where the states are represented as in Eq. (4.26) and the eigenvalues are provided in
Eq. (4.27).
In the nonrelativistic limit, i. e. Π̂2 → 0, the expansion of the physical momentum

operator (6.16) clearly recovers the expressions provided in section 5.3 as expected.
Having thus obtained an expansion of the momentum operator around a point on our
background manifold, it is time to tackle the main goal of this section.

6.4. Explicit solution
In this subsection, we explicitly derive the uncertainty relation for a general curved
background. The result is first obtained analytically on flat space to be further gener-
alized to small perturbations around it as indicated by the expansion in the preceding
section.
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6.4.1. Flat space

As for nonrelativistic particles, we begin with the uncertainty relation in flat space. In
this case, the linear and squared momentum operators are given by Eq. (6.16a) and as

p̂2
(0) = π̂2

(0) − 2m/N |p0

{
π̂/π(0),

√
1 + Π̂2

}
+m2NaNa|p0

(
1 + Π̂2

)
. (6.19)

Thus, the variance of the momentum operator σ2
p can be expressed as

(
σ2
p

)(0)
=
(
σ2
π

)(0)
+
(
σ2
p

)(0)

rel
, (6.20)

where the global minimum of (σ2
π)(0)

, stemming from the ground state of the Laplacian
ψ100, was found in section 4.2.2 and we introduced the relativistic correction

(
σ2
p

)(0)

rel
=2m/N |p0

(〈
π̂/π(0)

〉〈√
1 + Π̂2

〉
−
〈
π̂/π(0)

√
1 + Π̂2

〉)
+m2 NaNa|p0

[〈
1 + Π̂2

〉
−
〈√

1 + Π̂2
〉2]

. (6.21)

Clearly, the first two terms can decrease the uncertainty when 〈π̂/π(0)〉 6= 0, i. e. for
superpositions of eigenstates of the Laplacian with relative phase, the kind which was
treated in section 4.2.2. Expressed as a linear combination Ψ (c. f. Eq. (4.8)) of the
eigenstates of the Laplacian and applying Eqs. (4.7a) and (4.11), it becomes
(
σ2
p

)(0)

rel
=2m/N |p0

∑
n6=n′

Re
(
a∗n′an

〈
ψ

(0)
n′

∣∣∣π̂/π(0)ψ
(0)
n

〉)

×

∑
n′′
|an′′|2

√√√√1 + λ2
Cλn′′

N |p0

−

√√√√1 + λ2
Cλn
N |p0

 (6.22)

≥m2 NaNa|p0

1 +
∑
n

|an|2
λ2

Cλn
N |p0

−
∑
n′
|an′ |2

√√√√1 + λ2
Cλn
N |p0

√√√√1 + λ2
Cλn′

N |p0


− 2m

∣∣∣∣∣∣ /N ∣∣∣∣∣∣
p0

∑
n6=n′
|an||an′ |

∣∣∣∣∣∣MaxRe
(
ei∆φnl,n′l′

〈
ψ

(0)
n′

∣∣∣π̂/π(0)ψ
(0)
n

〉)∣∣∣∣∣∣
×

∣∣∣∣∣∣
∑
n′′

(
|an′′ |2 − δn′′n

)√√√√1 + λ2
Cλn′′

N |p0

∣∣∣∣∣∣ , (6.23)

where λC stands for the reduced Compton wave length, MaxRe indicates a choice of
relative phase ∆φnln′l′ between the coefficients an, an′ such that the real part of the
resulting quantity is maximized and we introduced the norm

∣∣∣∣∣∣ /N ∣∣∣∣∣∣ =
√
/N

2 =
√
NaNa. (6.24)

In the nonrelativistic limit the corrections multiply the factor ∑n′′(|an′′ |2 − δn′′n) = 0,
and the contribution vanishes as expected. After some straight-forward yet tedious
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algebra, displayed in appendix A, and recovering all quantum numbers in three di-
mensions, we can estimate

(
σ2
p

)(0)

rel
≥ NaNa|p0

1 +
∑
n

|an|2
 λ2

Cj
2
l,n

ρ2N |p0

−
∑
n′
|an′ |2

√√√√1 +
λ2
Cj

2
l,n

ρ2N |p0

√√√√1 +
λ2
Cj

2
l′,n′

ρ2N |p0




− 2~2

ρλC

√
NaN bGab

∣∣∣
p0

∑
n,l 6=n′,l′

|an||an′|
jl,njl′,n′

|j2
l,n − j2

l′,n′|

×

∣∣∣∣∣∣∣
∑
n′′,l′′

(
|an′′,l′′ |2 − δn′′nδl′′l

)√√√√1 +
λ2
Cj

2
l′′,n′′

ρ2N |p0

∣∣∣∣∣∣∣ . (6.25)

As the nonrelativistic case has been treated already in section 4.2.2, a possible change
in the state of smallest uncertainty should be expected to result in the ultrarelativistic
limit, i. e. for states for which λCjl′′,n′′/N |p0ρ

2 � 1. Then, the relativistic correction
becomes approximately

ρ2

~2

(
σ2
p

)(0)

rel

∣∣∣∣
〈Π̂〉�1

&
NaNa

N

∣∣∣∣
p0

∑
n

|an|2
(
j2
l,n −

∑
n′
|an′ |2 jl,njl′,n′

)

− 2
√
NaNa

N

∣∣∣∣∣∣
p0

∑
n,l 6=n′,l′

|an||an′ |
jl,njl′,n′

|j2
l,n − j2

l′,n′ |

×

∣∣∣∣∣∣
∑
n′′,l′′

(
|an′′,l′′|2 − δnn′′δll′′

)
jl′′,n′′

∣∣∣∣∣∣ . (6.26)

This implies, that the sum of both relevant contributions to the variance (6.20) satisfies
at the ultrarelativistic level

ρ2

~2

(
σ2
p

)(0)
∣∣∣∣
〈Π̂〉�1

&
∑
n

|an|2
[
j2
l,n

(
1 + NaNa

N

∣∣∣∣
p0

)
− NaNa

N

∣∣∣∣
p0

∑
n′
|an′ |2 jl,njl′,n′

]

− 2
√
NaNa

N

∣∣∣∣∣∣
p0

∑
n,l 6=n′,l′

|an||an′|
jl,njl′,n′

|j2
l,n − j2

l′,n′ |

×

∣∣∣∣∣∣
∑
n′′,l′′

(
|an′′,l′′ |2 − δnn′′δll′′

)
jl′′,n′′

∣∣∣∣∣∣ . (6.27)

As the transition amplitude 〈ψnlm|π̂/π(0)ψn′l′m′〉 is only nonvanishing if ∆l = |l′ − l| =
1, which is shown in appendix A, the effect of linearly combining more than two
eigenstates of the Laplacian cannot be stronger than just adding two of them. Thus,
we can consider only the former without loss of generality. Then, we can define the
relative weight a ≡ |an,l| =

√
1− |an′,l′ |2, leading to the relation

(
σ2
p

)(0)
∣∣∣∣
〈Π̂〉�1

≥~2

ρ2

A(a)−B(a)
√
NaNa

N

∣∣∣∣∣∣
p0

+ C(a) N
aNa

N

∣∣∣∣
p0

 , (6.28)
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where, denoting the quantum numbers of the two states as n, l and n′, l′ by a slight
abuse of notation, we introduced the functions of the parameter

A(a) =a2j2
l,n + (1− a2)j2

l′,n′ , (6.29)

B(a) =2a
√

1− a2
∣∣∣1− 2a2

∣∣∣ jl′,n′jl,n
|j2
l′,n′ − j2

l,n|
|jl,n − jl′,n′| , (6.30)

C(a) =a2(1− a2) (jl,n − jl′,n′)2 . (6.31)

As a function of the shift vector and the lapse function, the uncertainty clearly has a
global minimum at

√
NaNa/N |p0 = B

2C . Thus, we can estimate

(
σ2
p

)(0)
∣∣∣∣
〈Π̂〉�1

≥~2

ρ2

[
A− B2

4C

]
(6.32)

=~2

ρ2

[
a2j2

l,n + (1− a2)j2
l′,n′ −

(
1− 2a2

)2 jl′,n′jl,n
|j2
l′,n′ − j2

l,n|

]
. (6.33)

The resulting uncertainties as functions of the parameter a are plotted for all eigen-
functions of the Laplacian (4.26) characterized by quantum numbers n ≤ 10, n′ ≤ 11
in Fig. 8. Not a single one of those states has a smaller uncertainty than the ground
state of the Laplacian ψ(0)

100, defined in Eq. (4.28). Those mixing with the ground state
as

Ψ = aei∆φψ
(0)
100 +

√
1− a2ψ

(0)
nlm, (6.34)

coloured black, for example, only reach their minimum value at a = 1. Furthermore,
the difference only grows with increasing n + n′ as can be inferred from the colour of
the other graphs.
To put it in a nutshell, the ground state of the Laplacian ψ(0)

100 remains the state of
smallest uncertainty, i. e. we have found

Ψ(0)
0 = ψ

(0)
100, (6.35)

and we recover the inequality (4.50) in the relativistic setting. This result will be
modified by gradually adding in curvature.

6.4.2. Corrections

As perturbative corrections are comparably small by definition, the fact that the
ground state of the Laplacian uniquely saturates the uncertainty relation carries over
to the slightly curved setting, in general meaning that

Ψ0 = ψ100. (6.36)

This implies that Eq. (4.11), i. e. the vanishing of the expectation value of the conjugate
momentum operator, continues to hold to all orders in the expansion. Furthermore,
the integration measure in flat space, with respect to which we compute corrections
to expectation values (c. f. appendix B), is even in the radial coordinate. Hence, all
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Figure 8: Lower bounds on the ultrarelativistic momentum uncertainty of all lin-
ear combinations of two eigenstates of the Laplacian (4.26) with principal
quantum numbers (n, n′) ≤ (10, 11) to lowest nonvanishing order as func-
tions of the parameter a ∈ [0, 1], characterizing the relative weight, and
in units of ~/ρ. Black curves correspond to linear combinations including
the ground state (4.28), while the colour measures the sum of the principal
quantum numbers n and n′ for the others. The eigenvalue of the ground state
is represented by the violet line.

expectation values of operators which are odd in the sum of the numbers of positions
and unperturbed momenta vanish. Therefore, the derivation of the correction(

σ2
p

)(1)
(ψ100) =

〈
ψ

(0)
100

∣∣∣p̂2
(1)ψ

(0)
100

〉
0
− 2

〈
ψ

(0)
100

∣∣∣p̂(1)ψ
(0)
100

〉
0

〈
ψ

(0)
100

∣∣∣p̂(0)ψ
(0)
100

〉
0

(6.37)

simplifies significantly.
In fact, at this order all possibly arising corrections to 〈p̂/p〉 are even in the momenta

and odd in the coordinates, implying that 〈p̂/p(1)〉 = 0. Most of the contributions to 〈p̂2〉
vanish for the same reason. The remaining terms assume the form〈

ψ
(0)
100

∣∣∣p̂2
(1)ψ

(0)
100

〉
0
∝
〈
ψ

(0)
100

∣∣∣{x̂aπ̂b}ψ(0)
100

〉
0
. (6.38)
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This can be shown to equal zero, applying the canonical commutation relations (2.12)
and computing explicitly that

〈
ψ

(0)
100

∣∣∣x̂aπ̂bψ(0)
100

〉
0

= i~
2 δ

a
b . (6.39)

To put it in a nutshell, there are no first-order corrections to the uncertainty relation.
In order to obtain curvature-induced contributions, it is necessary to treat the system
at higher order.
The quadratic modification of the variance of the momentum operator

(
σ2
p

)(2)
=
〈(
p̂/p

(1)
)2
〉

0
−
〈
p̂/p

(1)
〉2

0
+
〈{
p̂/p

(2), p̂/p
(0)
}〉

0
− 2

〈
p̂/p

(2)
〉

0

〈
p̂/p

(0)
〉

0
, (6.40)

for example, yields meaningful terms. Still, it simplifies considerably taking into ac-
count generic cancellations. The second term was shown to vanish when treating the
calculations at first order. Furthermore, Eq. (6.16a) implies that the third and the
fourth terms largely cancel for all eigenstates of the Laplacian, leaving us with

(
σ2
p

)(2)
(ψnlm) =

〈(
p̂/p

(1)
)2
〉

0
+
〈{
p̂/p

(2), π̂/π(0)
}〉

0
+
〈[
p̂/p

(0) − π̂/π(0), p̂/p
(2)
]〉

0
. (6.41)

All contributions to p̂/p(2), as provided in Eq. (6.16c), except for π̂/π(2) are even in π̂a and
x̂b while π̂/π(0) is evidently odd. Thus, when evaluated respective to the ground state of
the Laplacian, this sum experiences a further simplification to read

(
σ2
p

)(2)
(ψ100) =

〈
π̂2

(2)

〉
0

+
〈(
p̂/p

(1)
)2
〉

0
+
〈[
p̂/p

(0) − π̂/π(0), p̂/p
(2)
]〉

0
. (6.42)

The first term appearing at the right-hand side just equals (σ2
π)(2) as derived in section

4.2.3, yielding 〈
π2

(2)

〉
= −R|p0

6 , (6.43)

with the Ricci scalar R derived from the effective metric Gab, while the correction
obtained in section 5.3.2 is hidden in the second term. Making use of Eq. (6.16b), this
expectation value is of the form〈(

p̂/p
(1)
)2
〉

0
=m

2

4

〈{
x̂a, /F a

(
Π̂2
)}2

〉
0

(6.44)

=m2
{
FacF

c
b

(
Π2
) 〈
xaxb

〉
0

+ρ2 Π2

π2

[
(FacF ac)′ − ρ2

~2
Π2

π2 (2FacF ′′bc + F ′acF
′
bc)
〈
π̂aπ̂b

〉]}
, (6.45)

where Π2 = ~2π2/ρ2m2N |p0 = π2λ2
C/ρ

2N |p0 , and we introduced the dimensionful,
tensor-valued function

Fac
(
Π̂2
)

= 1
2Nc∇a lnN |p0

Π̂2√
1 + Π̂2

−∇aNc|p0

√
1 + Π̂2. (6.46)
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The required expectation values can be evaluated explicitly, yielding Eq. (5.39) and

〈
ψ

(0)
100

∣∣∣π̂aπ̂bψ(0)
100

〉
0

= ~2π2

3ρ2 δ
ab. (6.47)

Plugging these explicit results back into Eq. (6.45), we obtain
〈(
p̂/p

(1)
)2
〉

0
= m2ρ2

{
ξ

2FacF
ac + Π2

π2

[
1
2 (FacF ac)′ − Π2

3 (2F ′′acF ac + F ′acF
′ac)
]}

. (6.48)

Fortunately, the third term of Eq. (6.42) turns out to be such that the dependence on
the ordering in the second-order correction to the momentum operator (6.16c) exactly
cancels. Resultingly, this contribution can be expressed as

〈[
p̂/p

(0) − π̂/π(0), p̂/p
(2)
]〉

0
=
〈
ψ

(0)
100

∣∣∣π̂aπ̂bψ(0)
100

〉
0

[
m2ρ4

~2π4
Π4

√
1 + Π2

(
F̃ab (Π2)
1 + Π2 − F̃

′
ab

(
Π2
))

+ ρ2

6π2
Π2

1 + Π2
N cNcRab

N

∣∣∣∣
p0

]
(6.49)

=ρ
2m2

3π4
Π2

√
1 + Π2

(
F̃ a
a

1 + Π2 − F̃
′a
a

)

+ ~2

36
Π2

1 + Π2
N cNcR

N

∣∣∣∣
p0

, (6.50)

where we introduced the dimensionful, tensor-valued function

F̃ab =Nc

2

 1
2N∇a (N c∇bN) Π̂2√

1 + Π̂2
−∇a∇bN

c

√
1 + Π̂2

−1
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Π̂2
(
4 + 3Π̂2

)
(
1 + Π̂2
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∣∣∣∣∣∣∣
p0

. (6.51)

Plugging all those terms back into Eq. (6.42), the correction to the variance of the
momentum operator reads

(
σ2
p

)(2)
=~2

2

R
9
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NaN

a

N

Π2

1 + Π2 − 3
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−F4
(
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∣∣∣∣∣
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+ F5
(
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b

N2 ∆N
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 , (6.52)
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where we introduced the functions of the degree of relativity

F1 =π
2

4 ξ
Π2

1 + Π2 + Π2 (−4 + 5Π2 + 2Π4)
12 (1 + Π2)3 , (6.53)

F2 =π2ξ + 1− Π2

3 (1 + Π2)2 , (6.54)

F3 =π2ξ
1 + Π2

Π2 + 1 + 1
6

Π2

1 + Π2 , (6.55)

F4 =1
6

Π2

1 + Π2 , (6.56)

F5 = 1
12

Π2 (4 + Π2)
(1 + Π2)2 . (6.57)

The final result of this section thus reads

σpρ ≥π~

1 + ρ2

4π2

R
9

(
NaN

a

N

Π2

1 + Π2 − 3
)∣∣∣∣∣

p0

+ F1
(
Π2
)
∇a lnN∇a lnNNbN

b

N

∣∣∣∣∣
p0

−F2
(
Π2
)
∇a lnN∇aNbN

b

N

∣∣∣∣∣
p0

+ F3
(
Π2
) ∇aNb∇aN b

N

∣∣∣∣∣
p0

−F4
(
Π2
) N b∆Nb

N

∣∣∣∣∣
p0

+F5
(
Π2
) NbN

b

N2 ∆N
∣∣∣∣∣
p0

 . (6.58)

Undoubtedly, this is a quite involved expression. Therefore, it is instructive to consider
its asymptotic behaviour. On the one hand, for Π � 1, implying the nonrelativistic
limit, we recover the relation derived in section 5.3.2

σpρ ≥ π~

1− ρ2
(

R

12π2 − ξ
ρ2

λ2
C

∇aNb∇aN b

)∣∣∣∣∣
p0

 (6.59)

as expected. Ultrarelativistic particles satisfying Π � 1, on the other hand, obey the
uncertainty relation

σpρ ≥ π~
{

1 + ρ2

4π2

[
R

9

(
NaN

a

N
− 3

)
+ ξ̃∇a

(
Nb/
√
N
)
∇a

(
N b/
√
N
)

− Na

6
√
N

∆
(
Na/
√
N
)]∣∣∣∣∣

p0

 , (6.60)

with the mathematical constant ξ̃ = ξ + 7/6π2 ∼ O(10−1), a result, which reflects
the form of the ultrarelativistic momentum (6.6). In particular, it is independent of
Π. Hence, there is no divergence at high energies. Instead, the relation asymptotes
towards a constant value. Therefore, it also applies to massless particles. On the other
hand, the nonrelativistic, shift-dependent correction in Eq. (6.59) scales linearly with
the mass of the particle. Thus, the gravitational influence is strongest on very massive
particles as expected. Furthermore, as mentioned above, all relativistic corrections are
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dependent on the value of the shift vector. If the latter vanishes, the corrections only
depend on the scalar curvature of the effective spatial geometry.
This result can be applied to any particle, irrespective of mass and velocity, and any

background. Have we thus obtained a covariant uncertainty relation?

6.5. A real covariant uncertainty relation
The derivation we followed throughout this section was based on a given division of the
underlying spacetime manifold M into a time direction IR and spacelike hypersurfaces
Σ, on which the uncertainty relation is determined. To be more precise, this was indic-
ated by the choice of domain. The investigated particle is confined to a geodesic ball
at a certain time, which is clearly a slicing-dependent statement. Changing the time
coordinate, e. g. by a global Lorenz transformation in flat spacetime (see Fig. 9), would
lead to a deformation of the ball and change the problem entirely. Clearly, the core of
this peculiarity lies in the original objective to obtain an uncertainty principle relat-
ing positions and momenta. This approach relates quantities, which are intrinsically
noninvariant.
In principle, the relevant quantity to study to stay in the covariant realm would be

the standard deviation of the Dirac operator D̂/D = −i~γµ∂µ. By analogy, this requires a
domain which is compact not only in space but also in time, thus treating both entities
equally. Hence, it seems necessary to consider it to be expanding into the future from
an initial hypersurface to afterwards recollapse into another hypersurface, basically
like the creation and subsequent annihilation of an excitation by the uncertainty. A
cartoonish visualisation of this process is displayed in Fig. 10.
As a result, this yields an uncertainty relation between the spacetime volume of

the domain (related to the proper time measured along a fixed curve inside of it)
and the particle’s mass due to Einstein’s relation p2 = m2. Figuratively speaking,
the ensuing inequality would predict the combined mass of a virtual excitation that
could be created by the uncertainty alone when the spacetime is restricted to a certain
volume. More precisely, we are unable to resolve excitations of a certain combined mass
inside of a given finite spacetime volume. This will be the subject of future research.

6.6. Summary
Starting at the dynamics of relativistic particles in curved spacetime, we have de-
rived an uncertainty relation between the positions and momenta on hypersurfaces
of constant time in accordance with the 3+1-formalism. This was achieved by, first,
finding the relevant relativistic physical momentum operator and then obtaining its
standard deviation on a compact domain, i. e. a geodesic ball. Thus, this result can be
understood as a relativistic generalization of the reasoning in sections 4 and 5.
To second order, the resulting uncertainty relation is, again, proportional to the

Ricci scalar of the effective spatial metric as well as a couple of terms, which depend
on the gradients of the shift vector and the lapse function. In particular, all relativistic
corrections to the nonrelativistic result in section 5 are proportional to the shift vector
and/ or its gradients. Thus, they all vanish in the absence of meaningful nondiagonal
entries in the original spacetime metric. Interestingly, the ultrarelativistic limit yields
a constant correction and does not diverge. Thus, the relation may, in principle, also
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Figure 9: A geodesic ball on a flat background, deformed by Lorentz transformations.
The velocity parameter corresponding to the transformation, in units of the
speed of light, is colour-coded, increasing in steps of .1 from red (0) to violet
(.8).

be used to describe massless particles. Yet, this inequality is clearly not covariant –
it presupposes a given slicing of spacetime. Therefore, we indicate an avenue towards
obtaining locally Lorentz invariant results.
The last three sections were aimed at reaching Eq. (6.58) by further and further gen-

eralizing the original approach invented by Schürmann [535]. However, it is instructive
to examine the resulting effect by virtue of some examples.
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Figure 10: Schematic visualisation of the interpretation of a random compact domain
in three-dimensional spacetime and its meaning as the place of a quantum
fluctuation surged by the uncertainty relation.

75



7 Applications 76

7. Applications
The investigations presented in the preceding sections lead to modifications to the
uncertainty relation induced by gravity in an ever more general setting. Finally, this
culminated in an equality characterizing relativistic particles in a general curved back-
ground spacetime (6.58). But what does this, admittedly, convoluted expression imply
in special cases of interest?
This section will shed some light on the uncertainty relations accelerated particles

as well as particles subject to spherically and axially symmetric spacetimes will ex-
perience. It consists of combined and considerably extended material from Refs. [1–3,
5].

7.1. Rindler horizon
As has been known for a long time, accelerated observers on Minkowski spacetime
follow hyperbolic trajectories [546, 547]. This scheme was further generalized to curved
spacetime by Wolfgang Rindler [548].
In this regard, assume as given a general background metric, expanded in terms

of spatial Riemann normal coordinates (X, Y, Z) constructed around a point p0 as in
Eq. (4.73) and a time coordinate T such that the uncertainty relation is evaluated at
T = 0. After the transformation

t = 1
α

arctanh
(

T

X + 1
2α

)
, x =

√(
X + 1

2α

)2
− T 2 y = Y, z = Z, (7.1)

the same geometry is described from the point of view of an observer at the point p0
moving with an acceleration α in the x-direction. On the spacelike hypersurface at
T = 0, this implies that the shift vector and lapse function transform as

(
N,N i

)∣∣∣
T=0
→
(1

2 + αx
) (

N,N i
)∣∣∣
T=0

, (7.2)

while the induced metric is unmodified.
For reasons of simplicity, we assume that the original frame is chosen in such a way

that the shift vector vanishes. Then, the influence of the acceleration on the uncertainty
relation is solely due to a conformal factor in the effective metric

Gab →
2

1 + 2αxGab ≡ Ω2Gab. (7.3)

Correspondingly, the Ricci scalar of the effective metric transforms as [549]

R→ Ω−2
[
R− 4∆ ln Ω− 2Gab∇a ln Ω∇b ln Ω

]
. (7.4)

Therefore, the uncertainty relation obeyed by a possibly relativistic, accelerated particle
at p0, i. e. at x = 1/2α, reads

σpρ ≥ π~
[
1 + ρ2

12π2

(
5α2

2 −R|p0

)]
, (7.5)
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which in a flat background clearly becomes

σpρ ≥ π~
(

1 + 5
24π2α

2ρ2
)
. (7.6)

Thus, the acceleration increases the uncertainty irrespective of background. In flat
space, for example, the correction mimics a globally minimal momentum uncertainty
σp ≥

√
5/6~α ∝ TU , with the Unruh temperature TU . This has an intuitive interpret-

ation as the maximal possible wavelength of a particle due to a thermal bath in the
background.

7.2. Spherically symmetric solutions
Spherically symmetric metrics are naturally expressed in such a way that the shift
vector vanishes. Correspondingly, the relativistic uncertainty relation (6.58) depends
only on the Ricci scalar of the effective metric. In the following, we first find a general
solution for these kinds of backgrounds to afterwards apply it to Schwarzschild black
holes and the static patch of the de Sitter spacetime.

7.2.1. General result

Written in terms of the coordinates ri = (r, θ, φ) in Lemaître-Tolman-Bondi form [550–
552], every spherically symmetric line element can be expressed as

ds2 = dr2

1 + 2E(r) + r2
(
dθ2 + sin2 θdφ2

)
. (7.7)

The shape of the function E(r) indicates that we deal with spatially dependent
curvature. This ansatz was used in many cosmological attempts of modelling dark
energy caused by spherically symmetric voids of matter in the universe [553, 554],
leading to a dipolar distribution of objects in the sky [555, 556].
We denote the distance of the geodesic ball from the center of symmetry by r0.

Due to the symmetry of the background spacetime, this completely characterizes the
position of the center of the ball p0 because the curvature function and its derivatives
satisfy E

(n)
0 ≡ E(n)|p0 = E(n)(r0), where the subscript in this case denotes the nth

derivative with respect to r. Then, the leading-order contribution reads

σπρ ≥ π~
√

1 + 2E0 + r0E ′0
3π2r2

0
ρ2 (7.8)

' π~
(

1 + E0 + r0E
′
0

3π2r2
0

ρ2
)
. (7.9)

Plugging in e. g. E0 = (−1/2)Kr2
0, i. e. assuming constant curvature K, this equation

recovers the result that was already obtained nonperturbatively in ref. [535] and stated
in Eq. (4.51). Additionally, the fourth-order contribution, displayed in Eq. (C.32),
vanishes, thereby validating the formalism - a perturbative expansion of a polynomial
trivially equals itself, confirming the result cited above.
In general, we have to derive the function E from the lapse function and the induced

metric of the chosen background.
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7.2.2. Schwarzschild static patch

For the static patch of the Schwarzschild geometry, i. e. an eternal black hole or the
exterior of a massive planet as it is seen by the observer at spacelike infinity, the
effective three-metric reads

ds2 = 1√
1 + 2φGR

(
dr2

1 + 2φGR
+ r2dΩ2

)
, (7.10)

where we introduced the gravitational potential of a point particle of mass M as
φGR ≡ −GM/r. To rewrite this expression in the form (7.7), it is necessary to find a
new radial coordinate R, satisfying

R = r
4
√

1 + 2φGR
, (7.11)

which is a meaningful transformation as long as the gravitational potential satisfies
φGR > −5

2 , i. e. until just outside the horizon. Then, the characteristic function of the
spherical geometry reads to second order in the gravitational potential

E(R) ' 3
2φGR + 5

8φ
2
GR. (7.12)

This implies that the relativistic uncertainty relation becomes at the same level of
approximation

σpρ & π~
(

1 + 5
24π2

φ2
GR|r0

ρ2

r2
0

)
= π~

[
1 + 5

24π2

(
~∇φGR

∣∣∣
r0

)2
ρ2
]
, (7.13)

which comparing to Eq. (7.6) is an exceedingly complicated way of writing that, to
lowest order in gravitational potential, its gradient acts like a force or ~α = ~∇φGR.
A more precise calculation, omitting the expansion in the gravitational potential,

shows that the full correction to the uncertainty relation equals

σpρ ≥ π~

1 + 5
24π2

φ2
GR|r0√

1 + 2 φGR|r0

ρ2

r2
0

 . (7.14)

7.2.3. de Sitter static patch

The effective three-metric on a spacelike hypersurface of the static patch of the de Sitter
geometry, which manifestly describes an unchanging cosmological horizon, reads

ds2 = 1√
1 + r2

r2
H

 dr2

1 + r2

r2
H

+ r2dΩ2

 . (7.15)

This geometry is of particular interest because the EUP, as it is usually applied phe-
nomenologically, is motivated from the maximum length introduced by this very hori-
zon. Therefore, which influence is dominant in earth-bound experiments is an import-
ant question to answer.
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By analogy with the previous case, the metric first has to be described in terms of
the new coordinate

R = r√
1− r2

r2
H

, (7.16)

a transformation, which is valid within the entire patch. Correspondingly, for small
R/rH the required function can be approximated as

E(R) ' R4

8r4
H

. (7.17)

This leads to the approximated result

σpρ & π~
(

1 + 5
24π2

r2
0ρ

2

r4
H

)
, (7.18)

which, interestingly is of exactly the same form as Eqs. (7.6) and (7.13). This fact
renders a direct comparison to the influence of massive bodies straight-forward. At
the linear level, the two contributions will simply add in describing the uncertainty of
a particle moving in the Schwarzschild-de Sitter geometry, yielding

σpρ & π~
[
1 + 5ρ2

24π2r2
0

(
r4

0
r4
H

+ φGR|2r0

)]
. (7.19)

Introducing the Schwarzschild radius rS = 2GM, the effect of the massive body in the
center of symmetry dominates as long as

r0 < rlim ≡ 3
√
rSr2

H . (7.20)

For the earth, which corresponds to a Schwarzschild radius rS ∼ 1 mm, and the cosmo-
logical horizon of a size of around rH ∼ 1026 m, the limiting distance from the center
of symmetry amounts to about rlim ∼ 1016 m ∼ 10 ly, i. e. far beyond Alpha Centauri.
We can thus safely neglect the EUP induced by the cosmological horizon and rather
concentrate on the local deviations.
For completeness, the uncertainty relation induced by the de Sitter horizon without

further assumptions on its size becomes by almost complete analogy with Eq. (7.13)

σpρ ≥ π~

1 + 5
24π2

r4
0
r4
H√

1− r2
0
r2
H

ρ2

r2
0

 . (7.21)

All the applications treated up until now where simple, inasmuch as they did not
include rotation as indicated by a nonvanishing shift vector. It is time to start man-
oeuvring more difficult waters.

7.3. Rotating geometries
Running the risk of entering comparably complicated terrain, this subsection is aimed
at obtaining the uncertainty relation for spacetimes with nonvanishing shift vector.
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In that vein, we start our analysis with the Gödel universe. Subsequently, we focus
our attention on the weak-field approximation of the Kerr-geometry, i. e. the metric
describing a rotating source in the context of general relativity. Finally, we investigate
spacetimes stemming from rotating compact objects in the framework of higher-order
theories of gravity with the purpose of pinpointing the main differences with respect
to the standard scenario.

7.3.1. Gödel universe

The Gödel solution [557–559] is a homogeneous and anisotropic spacetime arising from
Einstein’s field equations for a perfect fluid with nonvanishing angular momentum. It
essentially describes a rotating universe in which closed timelike curves are allowed,
thus, in principle, permitting time travel. The line element associated with such a
curved background, written in cylindrical coordinates (t, ri) = (t, r, φ, z), reads [557–
559]

ds2 =− dt2 − 2r2
√

2a
dtdφ+ dr2(

1 + r2

4a2

) + r2
(

1− r2

4a2

)
dφ2 + dz2,

with the constant parameter a > 0 which has units of length and quantifies the angular
momentum of matter. Have in mind that this slicing only covers the region r < 2a.
An observer orbiting circularly around the z-axis (i. e. co-rotating with the Gödel

universe) experiences the flow of proper time according to the time coordinate t. The
effective lapse function, three-metric and shift vector from the point of view of this
observer read

N =
√√√√1 + 2

4a2

r2 − 1
, (7.22)

Gijdridrj = 1
N

[
dr2

1 + r2

4a2

+
(

1− r2

4a2

)
r2dφ2 + dz2

]
, (7.23)

N i ∂

∂ri
=− a

√
2
(
a2 − r2

4

)∂φ. (7.24)

As r < 2a in this slicing, and the prefactors of terms containing higher powers of r0/2a
(where r0 = r|p0) in the resulting uncertainty relation get ever smaller, we only display
the leading order for the sake of brevity. Correspondingly, the observer defined above
measures the uncertainty relation

σpρ & π~
{

1 + ρ2

4π2a2 [F3 (Π|N=1)− 1]
}
, (7.25)
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thus continuously increasing the uncertainty. In the nonrelativistic and ultrarelativistic
regimes, this inequality becomes

σpρ|Π�1 &π~
[
1− ρ2

4π2a2

(
1− π2ξ

Π2

)]
, (7.26)

σpρΠ�1 &π~
[
1− ρ2

4π2a2

(
1− π2ξ̃

)]
, (7.27)

implying that the correction is minimal for relativistic, i. e. light, particles. Clearly,
this should be expected from a gravitational effect.

7.3.2. Rotating source in general relativity

The phenomenon of frame-dragging was discovered only few years after the final set-
tlement of GR. As a matter of fact, in 1918 Lense and Thirring found the weak-field
limit for the spacetime generated by a rotating body [560]. The main prediction of
this solution is the existence of a precession of the orbits drawn by a test body, a
feature that is completely absent in Newtonian mechanics. To get to this conclusion,
they argued that in isotropic spherical coordinates (t, ri) = (t, r, θ, ϕ) the metric tensor
originating from a rotating source takes the form [560]

ds2 =− (1 + 2φGR)dt2 + (1− 2φGR)
(
dr2 + r2dΩ2

)
+ 4φGRaJ sin2 θdϕdt, (7.28)

where aJ = J/M is the rotational parameter with J denoting the angular momentum
of the source.
Note that the time coordinate t used here corresponds to the time measured by a

static observer at infinite distance from the gravitating body in the center. In turn, the
uncertainty is calculated as it would be measured by this observer. In general, though,
this provides a good approximation of the slicing carved out by the dynamical rest
frame of the particle itself as long as it does not get too close to the horizon. Therefore,
corrections to the results are expected to be of higher order. Analogous considerations
apply to the extended models of gravity which are treated as corrections to Eq. (7.28)
below.
The static observer at infinity experiences the lapse function, shift vector and ef-

fective metric

N '1− φGR, (7.29)

N i ∂

∂ri
'− 2aJ

φGR

r2 , (7.30)

Gefdredrf ' (1 + 3φGR)
(
dr2 + r2dΩ2

)
. (7.31)

Unfortunately, this reasoning leads to an uncertainty which is at least quadratic in the
gravitational potential, while the Lense-Thirring solution corresponds to a first-order
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expansion. In light of this, we generalize the discussion by approximating the Kerr
metric in Boyer-Lindquist coordinates

ds2 =−
(

1 + 2φ̃GR
r̃2

Ξ2

)
dt2 + 4φ̃GRaJ sin2 θ

r̃2

Ξ2 dtdϕ

+ Ξ2

Σ dr̃2 + Ξ2dθ2 + r̃2
(

1 + a2
J

r̃2 − 2φ̃GR sin2 θ
a2
J

Ξ2

)
sin2 θdϕ2, (7.32)

with φ̃GR = −GM/r̃, Ξ = r̃
√

1 + cos2 θa2
J/r̃

2 and Σ = r̃2(1 + φ̃GR + a2
J/r̃

2), to fourth
order in φ̃GR and aJ/r̃ simultaneously. Bear in mind that the Schwarzschild-like r̃
relates to the radial coordinate introduced with the Lense-Thirring metric as r̃ =
r(1− φGR/2)2. As the resulting uncertainty relation is 3-diffeomorphism invariant, we
nevertheless provide it in terms of r for the sake of future convenience.
Consequently, the static observer at infinity measures the uncertainty relation

σPρ ≥π~
{

1 +
φ2

GR|r0
ρ2

48π2r2
0

[
10 + 30 φGR|r0

+ 55 φ2
GR

∣∣∣
r0

−a
2
J

r2
0

(469− 217 cos 2θ − 96F3|N=1 (7− 3 cos 2θ))
]}

. (7.33)

≡π~ (1 + λLT ) , (7.34)

where the last line defines the (generalized) Lense-Thirring correction λLT . Note that
this result recovers Eq. (7.13) when restricted to quadratic order in Newton’s potential
as expected.
A sample orbit in the equatorial plane of the Kerr metric approximated as indicated

above is given on the left-hand-side of Fig. 11, where the color of the curve changes
with increasing proper time. The ensuing correction to the uncertainty relation is
displayed in the inset plot in the top-left corner as a function of said affine parameter.
The peaks correspond to the times of closest approach to the outer horizon along the
trajectory. Thus, the influence is strongest, when the curvature is large as expected.
The nonrelativistic and relativistic expressions are compared graphically at the first
peak in the plot to the right of Fig. 11. The new corrections thus lead to an increase
of the effect by a factor of two for the given choice of parameters.

7.3.3. Fourth-order gravity

Fourth-order gravity, introduced by Stelle [561], represents one of the first attempts
to cure the quantization problems of the gravitational interaction. In particular, it
was pointed out [561] that the introduction of higher-derivative terms in the Einstein-
Hilbert action can make the model renormalizable. To be more precise, according to
the prescription in [561, 562], the gravitational action from which to build up quantum
gravity should be given by

S = 1
16π2G2

∫
d4x
√
−g

(
R + R2

2~2m2
s

− 1
2~2m2

t

RµνR
µν

)
, (7.35)
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Figure 11: The left plot shows the trajectory followed by a massive particle in the
equatorial (x-y) plane of a fast black hole, rotating as aJ/GM = 0.5, and
with an outer horizon of radius r+, symbolized by the black disk in the
center. Its starting point lies on the x axis at a distance 100r+ from the
source, with initial velocity u(τ = 0) ' (1.010,−0.0010, 0.0000, 0.0001) in
Boyer-Lindquist coordinates. The color, ranging from violet to red, indicates
an increase in the affine parameter τ. Inset in the top left corner is a plot
displaying all corrections to the uncertainty relation in flat space in units of
~ logarithmically, experienced by a particle of massm = ~/r+, with position
uncertainty ρ = 10−1r+ along this orbit as a function of proper time. On
the right-hand side, the fully relativistic (blue) and nonrelativistic (orange,
dotted) corrections are compared, allowing a closer look at the first peak
of the uncertainty relation.

where ms and mt are dimensionful constants measured in units of mass. However,
the drawback of this model consists in the appearance of ghost-like degrees of free-
dom which undermine the unitarity of the underlying quantum field theory. Such a
circumstance is a typical feature of local higher-order derivative gravity [563].
For the current model, a Lense-Thirring-like solution has been recently obtained

when analyzing the light bending due to these theories [564]. In isotropic spherical
coordinates, the aforementioned solution is

ds2 =− (1 + 2φ)dt2 + (1− 2ψ)
(
dr2 + r2dΩ2

)
+ 2ξ sin2 θdϕdt , (7.36)

where the gravitational potentials are given by

φ =φGR

(
1 + 1

3e
−m0r/~ − 4

3e
−m2r/~

)
, (7.37)

ψ =φGR

(
1− 1

3e
−m0r/~ − 2

3e
−m2r/~

)
, (7.38)

ξ = 2φGRaJ
[
1− (1 +m2r/~)e−m2r/~

]
, (7.39)

with m0 = 2mt/
√

12m2
t/m2

s − 1 and m2 =
√

2mt being the masses of the spin-0 and
spin-2 massive modes, respectively.
As the influence stemming from the higher-derivative terms ought to be small in

comparison to the general relativistic effect, results should be given as corrections to
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the Lense-Thirring outcome. Written this way, the uncertainty relation reads for small
gravitational potentials

σpρ ≥π~

1 + λLT −
φGR|p0

18π2

(
ρ2

λ2
m0

e−
m0r0

~ + 8ρ2

λ2
m2

e−
m2r0

~

), (7.40)

where λm0 and λm2 denote the Compton wavelengths corresponding to the respective
massive gravitational modes.
As straightforwardly recognizable in the previous equation, for the current example

we do not have to resort to a higher-order expansion of the Kerr-like solution in the
context of the examined extended model of gravity as the leading-order correction
is already linear in φGR. Thus, it clearly stems from the Ricci scalar of the effective
metric, which is why it is equal for relativistic and nonrelativistic particles. This feature
is shared by the upcoming analysis.

7.3.4. Infinite-derivative gravity

Starting from the above scenario, and recalling that the reasoning in [563] prevents
any local higher-order derivative gravity from being free from ghost fields, it is clear
that locality must be given up on to arrive at a quantum gravitational model which is
simultaneously renormalizable and unitary. However, nonlocality should be manifest
only in the currently unexplored UV regime since all the available data acquired from
gravitational experiments comply with the local behaviour of gravity. Along this dir-
ection, it is possible to encounter the so-called infinite-derivative gravity theory, which
precisely possesses the characteristics listed above. As the name suggests, the usual
Einstein-Hilbert action is now accompanied by nonlocal functions of the curvature
invariants; in the simplest form, the nonlocal gravitational action reads [565, 566]

S = 1
16π2G2

∫
d4x
√
−g

(
R +R

1− e−~2�/κ2

4� R − Rµν
1− e−~2�/κ2

2� Rµν

)
, (7.41)

where κ is the energy scale at which the nonlocal aspects of gravity are expected to
be prominent.
As for the previous example, a Lense-Thirring-like solution can be analytically com-

puted in this framework. Formally, the shape of the metric tensor is the same as the
one exhibited in (7.36), with the difference that the gravitational potentials are instead
represented by

φ =ψ = φGR

(
κ r
2~

)
, (7.42)

ξ = 2φGRaJ

[
Erf

(
κ r
2~

)
− κ r√

π~
e−κ2r2/4~2

]
, (7.43)

where Erf(x) denotes the error function.
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Again expressed as corrections to the Lense-Thirring result, the uncertainty relation
for small gravitational potentials becomes

σpρ ≥ π~
(

1 + λLT −
φGR|p0

4π 5
2
ρ2r0

κ3

~3 e
−κ2r2

0/4~
)
. (7.44)

7.4. Summary
The uncertainty relation (6.58), as nontrivial as it is, makes an immediate under-
standing difficult. Therefore, this section was used to display its behaviour in several
important cases.
In particular, assuming a vanishing shift vector, an accelerated particle experiences

an additional increase in uncertainty proportional to the squared acceleration with
respect to the corresponding inertial frame. This reflects the fact, that the dynamics
are not governed by the induced metric on the spacelike hypersurfaces but the effect-
ive metric, additionally containing the lapse function. Accordingly, there is an effect
through acceleration even when the background is Minkowskian.
Furthermore, quantum mechanical objects moving on a Schwarzschild geometry un-

dergo approximately the same uncertainty-growth as they approach the source of the
gravitational field. Comparison of this effect to the problem in Rindler coordinates
quantitatively recovers the acceleration induced by a conservative gravitational po-
tential. The investigated static patch of the de Sitter spacetime yields an effect at
fourth order in the distance from the horizon. Therefore, a back-of-the-envelope estim-
ate clearly shows that its influence can be safely neglected on the surface of the earth
when comparing it to the effect induced by the planet itself, thus implying that the
EUP, as it is often applied phenomenologically, may have to be questioned.
Additionally, we have computed the form of the uncertainty relation for the Gödel

universe, the Lense-Thirring solution and its extension in the framework of fourth-order
and infinite-derivative gravity. In all cases, the corrections increase the uncertainty. In
the explicit scenario of a relatively close orbit to a rotating black hole à la general re-
lativity, the relativistic corrections significantly increased its value. Remarkably, whilst
the leading-order contribution goes like φ2

GR in the Lense-Thirring scenario, for the ex-
tended models we observe a proportionality to φGR. Therefore, there may be a regime
in which the two terms are comparably important, thus leading to a simultaneous
“coexistence” of the two quantities. A similar occurrence has also been addressed in
different contexts, as for the case of the Casimir effect [567].
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8. Modified commutators as manifestation of curved
spaces

The last four sections very much created a link between deformed Heisenberg algebras
and curved spaces, showing that the latter, when looked at operationally, lead to
similarly modified uncertainty relations. In this section we take the opposite route. In
particular, we derive a theory of curved momentum space from the kind of algebra
underlying the minimum length paradigm, i. e. GUPs.
Note that this kind of connection had already been studied superficially in Ref. [568].

Furthermore, it is on display in the context of doubly special relativity [135, 137, 569,
570], which may be interpreted as a theory defined on de Sitter-momentum space [182,
183]. Moreover, it has been corroborated further from the geometric point of view [571,
572]. Those results provided a strong motivation to search for an equivalence between
GUP-deformed quantum mechanics and quantum mechanics on curved momentum
space.
The aim of the present section lies in promoting the said link to an exact duality by

introducing a novel set of conjugate variables X̂ i and P̂i satisfying the d-dimensional
Heisenberg algebra. Those new coordinates in the cotangent bundle can be used to
describe the investigated kinds of modifications in d dimensions canonically. As for the
transformation often applied in case of the GUP on commutative space [202, 222], this
naturally leads to a modification of the single-particle Hamiltonian. The thus arising
dynamics constitute motion on a nontrivial momentum space. For the quadratic GUP
the curvature tensor is proportional to the coordinate noncommutativity. However, a
commutative space does not imply that the corresponding background is trivial. On
the contrary, the resulting basis in momentum space is nonlinearly related to the one
underlying the Euclidean metric.
Therefore, it is possible to import bounds on the curvature of momentum space and

the deviation from the canonical basis from the literature on noncommutative geo-
metry and GUPs with commuting coordinates, respectively. We thus obtain a distinct
interpretation for the already existing phenomenology. Furthermore, the new set of
phase space variables allows for a rather simple treatment of noncommutative space in
quantum mechanics, mapping it onto a theory which is analogous to quantum mechan-
ics on curved manifolds as described in section 2. Note that an instance of this duality
was obtained along a complementary road in Ref. [573].
This section, containing work published in Ref. [4], is organized as follows. Subsec-

tions 8.1 and 8.2 briefly recall the required information on curved momentum space
and GUP-like deformations in quantum mechanics, respectively. The equivalence of
those two theories is established in subsection 8.3 providing the map connecting them.
Subsequently, the newly appearing geometrical observables are constrained in subsec-
tion 8.4. Finally, subsection 8.5 is intended as summary and conclusion of the results.

8.1. Curved momentum space
In order to understand curved momentum space, a short introduction to the geometry
of generalized Hamilton spaces is indispensable. On the base of this reasoning and un-
der the assumption that the metric bears no position-dependence, it is straightforward
to construct the corresponding quantum theory.

86



8 Modified commutators as manifestation of curved spaces 87

8.1.1. Geometry

The theory of curved momentum spaces is derivative from the geometry of generalized
Hamilton spaces [154, 155], which is gradually seeing more application to physics, in
particular in the context of the phenomenology of quantum gravity [175, 176, 574].
The starting point for this investigation is a metric which not only depends on the
position but also the momentum of the investigated object

gij = gij(x, p), (8.1)

where we, for the moment, assume that πi = pi. To study the corresponding geometry,
it is necessary to find a nonlinear connection Nij which governs the division of the
cotangent bundle into horizontal ("position") and vertical ("momentum") space. This
choice is highly nontrivial, though it can be simplified in a special case. Define the
Cartan tensor of the background space as

Ckij ≡ 1
2 ∂̇

kgij, (8.2)

where the partial derivative with respect to momenta is denoted as ∂̇i = ∂/∂pi. If
this tensor turns out to be totally symmetric, the metric can be derived from the
Hamiltonian of a free particle of mass m

H = 1
2mpipjg

ij, (8.3)

according to the relation
gij = m∂̇i∂̇jH. (8.4)

Furthermore, a canonical nonlinear connection can be found as

Nij = 1
4
(
{gij, H} − gik∂̇k∂jH − gjk∂̇k∂iH

)
, (8.5)

where the symbols {, } denote the Poisson bracket. Once the nonlinear connection is
known, it is possible to derive the covariant derivatives in position and momentum
space and the curvature tensors.
Assuming that the metric is solely a function of the momenta

gij = gij(p), (8.6)

the nonlinear connection immediately vanishes, making the problem particularly simple.
Correspondingly, the covariant derivative in position space is just the partial derivat-
ive. Motion in momentum space, on the other hand, is described by a Levi Civita-like
connection related to the Cartan tensor

Cij
k = −1

2gkl
(
∂̇igjl + ∂̇jgil − ∂̇lgij

)
. (8.7)
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Defining covariant differentiation in momentum space denoted by the symbol ∇̇ in the
usual way, this makes it possible to construct a scalar from the Cartan tensor

C ≡ g(jkgil)∇̇lCijk, (8.8)

where the parenthesis in the indices implies total symmetrization. If the Cartan tensor
is totally symmetric, this quantity is uniquely defined and measures the departure
from Riemannian geometry. Moreover, the curvature tensor in position space vanishes
while its counterpart in momentum space S ilj

k takes the familiar form

S ilj
k = ∂̇jCil

k − ∂̇lC
ij
k + Cml

k Cij
m − C

mj
k Cil

m, (8.9)

which is clearly reminiscent of the Riemann tensor. Therefore, the Hamilton geometry
derived from a purely momentum-dependent metric is simply of Riemannian type. We
can further define the Ricci scalar as usual

S ≡ gijS
ikj
k . (8.10)

Unfortunately, the metric, which will be treated below, does not generally yield
a totally symmetric Cartan tensor (8.2). Thus, we are dealing with a generalized
Hamilton space. In this case, the nonlinear connection must be provided beforehand.
By analogy with the simpler case, we choose the nonlinear connection to vanish because
the metric harbours no position dependence. Then, the same reasoning follows.
A note of caution might be in order, though. Have in mind, that the metric still

constitutes a tensor and thus transforms as such. It can only be independent of the
position if the system is described in Cartesian coordinates. Otherwise, several issues
arise which complicate the process of quantization enormously. Fortunately, this set of
coordinates suffices for the purpose of the present section.

8.1.2. Quantum mechanics

Given a metric (8.6) and a vanishing nonlinear connection, it is possible to construct
the line element in momentum space

ds̃2 = gij(p)dpidpj. (8.11)

First and foremost, this implies that the dynamics of a single particle derive from a
Hamiltonian operator of the form

Ĥ = 1
2mp̂ip̂jg

ij (p̂) + V
(
x̂i
)
. (8.12)

On a rather cautionary note, bear in mind that the kinetic term could equivalently
be chosen proportional to the squared geodesic distance from the origin in momentum
space, i. e. σ̃2(p̂) [174, 572], which satisfies a differential equation analogous to Eq.
(4.18) with initial condition σ̃(0) = 0. As a result, the Hamiltonian would be covariant
with respect to momentum diffeomorphisms in addition to the required covariance in
position space. However, as was stressed in Sec. 1.8, it is unclear whether this principle
actually applies to our world [158, 159]. Most importantly, either choice of kinetic part
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yields the same main results in Secs. 8.3.5 and 9.3. Indeed, in normal coordinates (c. f.
Sec. 4.2.4) both coincide.
How to quantize a single-particle theory governed by the Hamiltonian (8.12) was

already explained in section 2. Correspondingly, it acts on wave functions as

Ĥψ =
[ 1
2mgij(p)pipj + V

(
i~∇̇i

)]
ψ. (8.13)

Furthermore, the geodesic distance σ, the only possible position-dependent scalar ap-
pearing in the Hamiltonian, can be computed solving the differential equation

gij∂iσ
2∂jσ

2 = 4σ2. (8.14)

In the given case, this procedure results in the expression

σ2 = gij(p) (x− x0)i (x− x0)j , (8.15)

where xi0 denote the coordinates of the point, with respect to which the distance is
calculated. For reasons of simplicity, choose it to coincide with the origin, i. e. xi0 = 0.
In accordance with Eq. (2.22) and defining the determinant of the metric as det gij ≡ g,
the squared geodesic distance may be represented as the Laplace-Beltrami operator in
momentum space

σ̂2ψ = −~2 1
√
g
∂̇i
(√

ggij ∂̇
jψ
)
, (8.16)

which is clearly Hermitian with respect to the measure dµ = √gddp.
Evidently, this description bears much resemblance to quantum mechanics on a

spatially curved manifold. Keep in mind, though, that this picture does not hold under
general coordinate transformations.

8.2. GUP-deformed quantum mechanics
A more in-depth treatment of deformed single-particle quantum mechanics was already
provided in section 3. The required parts are repeated here for convenience. In contrast
to the theory described in the previous section, quantum mechanics with a minimum
length is derived from a deformed algebra of observables

[x̂a, x̂b] =i~θab(x̂, p̂), (8.17a)
[p̂a, p̂b] =0, (8.17b)
[x̂a, p̂b] =i~fab (p̂), (8.17c)

where we introduced the tensor-valued functions θab(x̂, p̂) and fab (p̂), which are not
independent. Instead, they are constrained by the Jacobi identity[

θab, p̂c
]

= 2
[
f [a
c , x̂

b]
]
. (8.18)

As described in section 3.1, the usual way to go at this point consists in finding a
representation for this algebra in momentum space. For example, the position operator
may read [139]

x̂aψ = i~fab (p)∂̇bψ. (8.19)
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Within this representation, the Jacobi identity (8.18) can be solved yielding

θab = 2f [a
c ∂̇
|c|f

b]
d

(
f−1

)d
e
xe ∝ Ĵ ba. (8.20)

At first glance, the theory of GUPs and the theory of curved momentum space differ
substantially. How, then, can they be reconciled with each other?

8.3. Equivalence of the modifications
The algebra (8.17) indicates that the kinematical description in the GUP-approach is
based on unusual coordinates in phase space. In particular, they are not of Darboux-
form, which would imply the canonical commutation relations (2.12) to be satisfied.
The Darboux theorem [575], however, states that symplectic manifolds, like phase
space, have vanishing curvature. Thus, provided the necessary transformation is found,
every system can be expressed in terms of Darboux coordinates. The task of this section
entails finding new operators

x̂a → X̂ i (x̂, p̂) , p̂a → P̂i (p̂) (8.21)

such that X̂ i and P̂i satisfy the Heisenberg algebra (2.12). A similar approach albeit
with different realization and goals was followed in Ref. [576] in the context of DSR.

8.3.1. Transformation

Let us, in particular, assume that the transformation takes the shape

x̂a =
(
e−1

)a
i

(P̂ )X̂ i, (8.22a)

p̂a =eia(P̂ )P̂i, (8.22b)

where the coordinates transform according to the operator ordering imposed by geo-
metric calculus (c. f. section 2.5), applied to momentum space. Note that other oper-
ator orderings would yield equivalent theories [220, 221], which, however, would not
manifestly unveil the nontriviality of momentum space.
This transformation immediately implies that the Hamiltonian describing the dy-

namics of a nonrelativistic particle may be reexpressed as

Ĥ = 1
2mP̂iP̂je

i
ae
j
bδ
ab + V

[(
e−1

)a
i
X̂ i
]
. (8.23)

Moreover, the geodesic distance in the original flat background transforms in a similar
way to the kinetic energy

σ̂2 = δabx̂
ax̂b = δab

(
e−1

)a
i
X̂ i

(
e−1

)b
j
X̂j. (8.24)
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Thus, the matrix eia may be understood as vielbein. Then, we may construct the metric
and its inverse as

gij =δabeiae
j
b, (8.25)

gij =δab
(
e−1

)a
i

(
e−1

)b
j
. (8.26)

For this structure to be consistent, the measure has to read

dµ = det
(
eia
)

ddp, (8.27)

i. e. represent the volume form derived from the metric (c. f. sections 2.3 and 8.1).
Correspondingly, the Hamiltonian acts in momentum space as

Ĥψ(P ) =PiPjg
ij

2m ψ(P ) + V
[
i~
(
e−1

)a
i
∇̇i
]
ψ(P ), (8.28)

while the geodesic distance exactly obeys Eq. (8.16).
Under the assumption that the transformed phase space coordinates obey the Heis-

enberg algebra, the commutator of positions and momenta (8.17) implies the Jacobian

∂̇aPj =
(
f−1

)a
b

(
e−1

)b
j
, (8.29)

which may be rewritten as a condition on the vielbein

f
[a
d

[
∂̇|d|

(
e−1

)b]
j
ejc − ∂̇|d|f

b]
d

(
f−1

)d
c

]
= 0. (8.30)

Then, the tensor measuring the spatial noncommutativity reads after some algebra

θab = 2f [a
c ∂̇
|c|f

b]
d

(
f−1

)d
e
xe. (8.31)

Fortunately, this relation, derived from the assumptions that the new phase space
coordinates obey the Heisenberg algebra and that the original variables satisfy the
commutation relations (8.17) and the Jacobi identity (8.18), reproduces the condition
on the noncommutativity of space in the original representation (8.20). Thus, the
transformation introduced in this section can always be performed.
To put it in a nutshell, it is possible to describe the dynamics implied by any set

of deformed commutators of the form (8.17) by Darboux coordinates, defined in Eqs.
(8.22a) and (8.22b), if the matrix characterizing the transition satisfies the consistency
condition (8.30), and the noncommutativity of the spatial coordinates is of the form
(8.31). The background, the system is moving on, will then necessarily be nontrivial.
Note, though, that this is how the metric can be determined in terms of the original

momenta p̂a. In principle, as can be seen from the relation

eia (p̂b) = eia
[
ejb (p̂c) P̂j

]
= . . . , (8.32)

trying to express the result in terms of the transformed momenta P̂i leads to an
infinite regress. Yet, this problem can be circumvented by solving it iteratively as in
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perturbation theory. Before we get to this point, though, it is instructive to show how
the consistency conditions turn out when θab, fab and eia are expressed in terms of
scalar functions.

8.3.2. Conditions on scalars

As may be deduced from the Jacobi identity (8.18), the spatial noncommutativity
depends on the original phase space variables as

θab = θ
(
p̂2
)
Ĵ ba, (8.33)

where the newly introduced dimensionful scalar θ measures the noncommutativity of
space. Furthermore, expressed in a way similar to Refs. [230, 568, 577], the quantity
fab , being a tensor, assumes the form

fab = A
(
p̂2
)
δab +B

(
p̂2
) p̂ap̂b
p̂2 , (8.34)

where we introduced the dimensionless scalars A and B. Note that they have to satisfy
the conditions A(0) = 1 and B(0) = 0 for the given phase space variables to reduce to
ordinary canonical conjugates in the low-energy limit. Both scalars are related to the
function θ according to Eq. (8.31)

θ = 2 (logA)′ (A+B)− B

p̂2 , (8.35)

where the prime denotes derivation with respect to p̂2.
Furthermore, providing the vielbein in the most general form compatible with the

GUP
eia = C

(
p̂2
)
δia +D

(
p̂2
) p̂ip̂a
p̂2 , (8.36)

Eq. (8.30) suffices to determine the newly introduced dimensionless scalar functions C
and D, implying the relation

D

C
=
[
θ + 2 (logC)′ (A+B)

]
p̂2 = A− 1, (8.37)

which, assuming that the background reduces to flat space in the low-energy limit,
i. e. C(0) = 1 and D(0) = 0, can be solved to yield

C = exp
(

1
2

∫ p̂2

0

A− 1− θ
A+B

(q)dq
)
, (8.38)

D =(A− 1)C. (8.39)

Have in mind, though, that the expression for the vielbein (8.36) needs to be trans-
lated to a description in terms of the canonical momenta in accordance with Eq. (8.32).
The metric can then be obtained from Eq. (8.25) as

gij = C2δij +
(
2CD +D2

)
P̂ iP̂ j. (8.40)
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In short, we can understand the GUP as dual description to a quantum theory on
nontrivial momentum space. Additionally, the newly found set of phase space variables
allows for applications in its own right.

8.3.3. Note on canonical variables

Classically, the dynamics of any system are governed by the action describing it. Altern-
atively, in quantum theory it suffices to provide a Hamiltonian and an algebra relating
the dynamical variables. In the Heisenberg picture the evolution of the system may
then be obtained according to the Heisenberg equations. To provide the corresponding
Schrödinger equation and the action of a system, however, it is compulsory to find
canonically a set of conjugate variables, obeying the Heisenberg algebra (2.12). By
construction, this is the case considering the phase space coordinates introduced in
the preceding subsection (8.22). Furthermore, it is evident that the Heisenberg equa-
tions of motion in terms of both sets provided in this section are equivalent. Thus, the
action of the system, subject to a GUP including spatial noncommutativity, reads

S =
∫

dt
[
Ẋ iPi −H(X,P )

]
. (8.41)

Up until now, this kind of result had only been obtained in the case of a commutative
space [202, 222] which is related to the one provided in the present section by a
canonical transformation.

8.3.4. Iterative approach

For all intents and purposes, it suffices to solve Eqs. (8.35) and (8.37) iteratively.
Assume as given the coefficients of a power series expansion of A and B

A =
∑
n

An

(
lp̂

~

)2n

, B =
∑
n

Bn

(
lp̂

~

)2n

, (8.42)

with some length scale l, and where B0 = 0 to avoid divergences. Similarly, describe
the scalars θ, C and D using power series

θ = 1
p̂2

∑
n

θn−1

(
lp̂

~

)2n

, (8.43)

C =
∑
n

Cn

(
lp̂

~

)2n

, (8.44)

D =
∑
n

Dn

(
lp̂

~

)2n

, (8.45)

where now D0 = θ−1 = 0. Then, Eq. (8.35) becomes at N th order

N∑
n=0

AN−n [2(N − n) (An +Bn)−Bn − θn] = 0, (8.46)
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determining the coefficients θn order by order. Moreover, the Eqs. (8.37) uniquely
specify the dependence of the coefficients Cn and Dn on An and Bn in an analogous
fashion

DN =
N∑
n=0

CN−n [θn + 2(N − n) (An +Bn)] (8.47)

=
N∑
n=0

CN−nAn − CN . (8.48)

In short, the coefficients of the power series expansions describing the functions C
and D are related to the ones representing the given scalars A and B such that there
is no ambiguity. This opens up the possibility for a perturbative treatment.

8.3.5. Application to the quadratic GUP

As mentioned above, under the assumption that the GUP recovers Heisenberg’s re-
lation in the low-energy limit, the unperturbed scalars have to satisfy A0 = 1 and
B0 = θ−1 = 0. Furthermore, denote A1 = β, B1 = β′ and choose the Planck length to
describe the scale to compare to (l = lp) in accordance with the literature [126, 127,
489]. Accordingly, we find

θ0 =0, θ1 =2β − β′, (8.49)

C0 =1, C1 =β
′ − β
2 , (8.50)

D0 =0, D1 =β. (8.51)

At second order, the contribution stemming from the iterative appearance of the viel-
bein (8.32) is trivial. Thus, the metric reads

gij = δij + hij, (8.52)

where the correction to the Euclidean part results as

hij = (β′ − β)
(
lpP̂

~

)2

δij + 2β
(
lp
~

)2

P̂ iP̂ j. (8.53)

Hence, we can derive the Cartan tensor from it, yielding

Cijk = 2
(
lP
~

)2 [
(β′ − β) P̂ iδjk + 2βP̂ (jδk)i

]
. (8.54)

The Cartan tensor is totally symmetric if and only if β′ = 2β, i. e. θ ' 0, implying a
commutative background. Then, the scalar (8.8) derived from it reads in the low-energy
limit

C|P̂=0 = 2d(d+ 2)β
(
lp
~

)2

. (8.55)

Otherwise, this metric does not belong to the class of Hamilton spaces as claimed in
section 8.1.2. Nevertheless assuming a vanishing nonlinear connection as was argued
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in the same section, the curvature tensor in momentum space (8.9) can be determined.
In the low-energy limit it reads

Sikjl
∣∣∣
P̂=0

= 2θ1

(
lp
~

)2 (
δijδkl − δilδkj

)
. (8.56)

Given this result, it is possible to compute the Ricci scalar in accordance with Eq.
(8.10)

S|P̂=0 = 2d(d− 1)θ1

(
lp
~

)2

. (8.57)

Thus, at first order the curvature of momentum space, provided the system is repres-
ented canonically, measures the noncommutativity of space described in terms of the
original coordinates. This is why, the Cartan tensor is totally symmetric in the case of
a GUP with a commutative background. Note, though, that, despite the background
being flat, the momentum basis in terms of which the system is hence described is
not the usual one. As the symplectic structure is not invariant under nonlinear trans-
formations of momenta, the resulting theory is not equivalent to ordinary quantum
mechanics, notwithstanding the flat background. This effect is measured by the quant-
ity C (8.55).
In short, quadratically deformed Heisenberg algebras may be understood as a normal-

frame description of a momentum space harbouring essentially Planckian curvature if
space is noncommutative. Thus, we can import much information from the phenomen-
ology of GUPs to this arena.

8.4. Constraints from existing literature
The preceding subsection served to point out a correspondence between models of the
quadratic GUP and quantum mechanics on a non-Euclidean momentum space. This
connection implies that bounds on the noncommutativity of space θ1 immediately
carry over to the curvature tensor in momentum space, in accordance with equation
(8.56). Some of these, mostly extracted from Ref. [578], are displayed in table 5. The
dominating constraint on the curvature scalar (8.57) stems from the electron dipole
moment, yielding

S|p=0 < 1027m−2
p . (8.58)

Note that spatially noncommutative geometry may lead to direct violations of Lorentz-
invariance [579], which would push this bound into the Planckian regime. However,
depending on the relativistic generalization of the model, the symmetry might only be
deformed, implying much weaker constraints.
Furthermore, in the case of a commutative background space (θ1 = 0), bounds on

the parameter β can be translated as limits to the deviation from the usual momentum
basis embodied by the scalar C (8.55). A selection of bounds extracted from tables 2
and 3 and obtained in the said way is on display in table 6. Recall, however, the is-
sues with experiments involving harmonic oscillators [495, 499], optomechanical setups
[593] and the Equivalence principle [262] explained in section 8.4. As there are reserva-
tions towards the direct adoption of results from multiparticle states to the mechanics
of single particles due to the already mentioned inverse soccer ball problem (see e. g.
Ref. [224]), those should be taken with a grain of salt. The strongest constraint, ex-
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Experiment Ref. Upper bound on Sm2
p

electron dipole moment [580] 1027

lamb shift [581, 582] 1029

9Be decay [583] 1029

composite quarks/ leptons [584, 585] 1029

Møller scattering [586] 1031

muon g − 2 [587] 1031

hydrogen spectrum [588, 589] 1033

133Cs decay [583] 1035

star energy loss [590] 1035

Pauli oscillator [591] 1041

Aharonov-Bohm [592] 1043

Table 5: Upper bounds on the low-energy-limit of the scalar curvature in momentum
space as in Eq. (8.57), given in units of l2p/~2 = m−2

p .

cluding macroscopic experiments, is derived from corrections to state transitions in
the hydrogen atom [491, 493], implying that

C|p=0 < 1025m−2
P . (8.59)

Summarizing, both the curvature of momentum space as well as the deviation from
the canonical momentum basis in the flat case are constrained experimentally from
bounds on the noncommutativity of space and on the β-parameter of the commutative
quadratic GUP, respectively.

Experiment Ref. Upper bound on Cm2
p

harmonic oscillators [495, 499] 106

equivalence principle [262] 1019

hydrogen spectrum [491, 493] 1025

quantum noise [502] 1027

tunnelling microscope [235] 1032

muon g − 2 [492] 1032

gravitational bar detectors [512, 513] 1032

lamb shift [235, 490] 1035

87Rb interferometry [496, 498] 1039

Table 6: Upper bounds on the deviation from the canonical basis in momentum space
C as in Eq. (8.55) given in units of l2p/~2 = m−2

p .

8.5. Summary
The preceding sections suggested a deep connection between GUPs and EUPs on
the one hand and non-Euclidean momentum and position spaces on the other hand,
respectively. In this section we have further strengthened this connection presenting
a noncanonical transformation, which provides a direct map from theories involving
GUPs to quantum mechanics on curved momentum space.
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In that vein, we have first reviewed quantum mechanics on a background described
by a purely momentum-dependent metric, which had already been given an account of
in section 2. Running the risk of being redundant, we have further displayed the kind of
general changes to the canonical commutation relations, which are usually associated
to GUPs including noncommutativity of the position coordinates, a subject explained
more deeply in section 3. Bringing those two lines of thought together, we have found an
explicit dual description of this type of deformation in terms of a nontrivial momentum
space. In other words, every GUP entailing a certain set of non-Darboux coordinates
yields its counterpart in a specific set of canonically conjugated phase space variables.
The resulting dynamics strongly indicate the presence of a nontrivial momentum space.
In particular, in the case of the quadratic GUP, the curvature tensor in momentum

space is proportional to the spatial noncommutativity. However, the dual description
of a commutative space does not imply a trivial background because the correspond-
ing basis in momentum space is curvilinear. As nonlinear basis transformations in
momentum space are not canonical, the resulting theory is inequivalent to ordinary
quantum mechanics. The deviation from Riemannian geometry, induced by this un-
usual basis, can then be measured by a scalar derived from the Cartan tensor.
This has allowed us to import constraints on the curvature of momentum space from

bounds on the noncommutativity of space, yielding for the Ricci scalar in momentum
space S|p=0 < 1027m−2

p . Moreover, the literature on GUPs with commutative space
has been helpful in constraining the deviation from Riemannian geometry when the
curvature is vanishing, implying Cp=0 < 1017m2

p.
Evidently, the reasoning applied in the present section has been general enough to

be applied to EUPs in an analogous fashion. Correspondingly, those can be mapped
to theories of quantum mechanics on curved position space thus establishing exactly
the connection hinted at in the preceding sections.
To make a long story short, the interplay of EUPs and non-Euclidean momentum

space as well as EUPs and curved position space yields a rich phenomenology, that
justifies further investigation. In particular, there is a strong motivation to find a for-
mulation of quantum mechanics on generalized Hamilton spaces away from Cartesian
coordinates such that the metric may depend on positions and momenta.
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9. Quantum Mechanics on the curved cotangent
bundle

The previous section established a direct connection between modified uncertainty re-
lations and curved spaces, showing that the former yield a description of the latter in
non-Darboux coordinates. However, these results could only be expressed in terms of
Cartesian coordinates – the metric would not have been solely momentum-dependent
otherwise. A simple transition to spherical coordinates, for example, implies that it
acquires a position dependence. While DeWitt’s approach [184] introduced in section
2.3 proves successful in the regime of curved position space in the position representa-
tion or curved momentum space in the momentum representation, it cannot be applied
once the metric is of the form

gij = gij(x̂, p̂). (9.1)
Furthermore, extrapolating from the results on deformed Heisenberg algebras, it is
natural to expect that GEUPs, which, recall, combine both position- and momentum-
dependent modifications, in fact constitute an effective description of quantum mech-
anics on a generally nontrivial cotangent bundle. Thus, there is a strong motivation
for the construction of a quantum mechanical formalism which can be applied to back-
grounds described by metrics depending on both positions and momenta

ds2 = gij (x, p) dxidxj, ds̃2 = gij (x, p) dpidpj, (9.2)

where the second equality defines the metric in momentum space as the inverse of
the one in position space as usual. This immediately implies that the Hilbert space
measure in both momentum and in position space inherits an analogous dependence.
The present section delineates an avenue towards the quantum description of such a
theory in the position representation.
In particular, we aim at a consistent formulation of the quantum mechanics of a

single particle on a background of the form (9.1). In that vein, we promote the meas-
ure of the Hilbert space, i. e. the volume form, to a, by assumption, Hermitian oper-
ator. Furthermore, by analogy with geometric quantization [185], we split it into two
pieces to merge them symmetrically with each wave function in the scalar product,
thus creating wave densities. Then, assuming the scalar product of their eigenvectors
consists of plane waves, the position and momentum operators possess a particularly
simple position representations. Furthermore, we find representations for the squared
momentum, i. e. the Hamiltonian of the free particle, and, equivalently, the geodesic
distance from the origin. Correspondingly, we define perturbation theory in this context
and finally deal with central potentials, particularly the isotropic harmonic oscillator
and the hydrogenic atom, on a background harbouring curvature in position as well
as momentum space, described by an expansion akin to Riemann normal coordinates.
In this context, we find that the isotropic harmonic oscillator, given a suitable pre-
scription of operator ordering, retains its reciprocal nature, thereby resulting in an
exact example of Born reciprocity on the curved cotangent bundle. Specifically, this
behaviour is indicated by a symmetry akin to T-duality in string theory [218, 594].
Thus, combining the concepts of Born reciprocity, preserved by the Hamiltonian of
the harmonic oscillator, and the generally curved cotangent bundle, i. e. nonvanishing
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Ricci tensors in position and momentum space, we obtain the kind of UV-IR mixing
which is generally expected from quantum gravity [595].
This section, containing work published in Ref. [6], is organized as follows. First,

in section 9.1 we summarize the mathematics required for a consistent description
of the curved cotangent bundle. Based on this background, we introduce the main
formalism as a generalization of DeWitt’s ideas in section 9.2. Section 9.3 is devoted
to phenomenology following a perturbative application of the approach to central
potentials. Finally, we wrap up and conclude in section 9.4.

9.1. The curved cotangent bundle
As mentioned in the previous section, the language of Lagrange and Hamilton geomet-
ries is explained extensively in Refs. [154, 155]. Therefore, this introduction is solely
intended to briefly summarize the ingredients required for the purpose of the present
section.
The main goal of the said mathematical program lies in the description of spaces

within which proper length measurements may be momentum-dependent in accordance
with Eq. (9.2), while retaining covariance with respect to coordinate transformations
of the form

xi → X i(x), pi → Pi = ∂xj

∂X i
pj. (9.3)

If the cotangent bundle, however, exhibits curvature – even if solely position space
is curved –, the canonical variables do not provide a clear partition into position
and momentum space. In particular, a nonlinear connection Nij(x, p) is required as
a bookkeeping device dividing the cotangent bundle into the horizontal (position)
and vertical (momentum) distributions. Under reasonable conditions, the nonlinear
connection can be derived from the metric in a canonical way. For example, in the
Riemannian case, i. e. for purely positional curvature, its canonical version reads

Nij = pkΓkij(x), (9.4)

with the Christoffel symbols of the Levi-Civita connection Γkij.
Given a nonlinear connection, we can define the orthogonal vector fields on phase

space
δ

δxi
= ∂

∂xi
+Nij

∂

∂pj
,

∂

∂pi
, (9.5)

both of which manifestly transform covariantly under the coordinate transformation
(9.3)

δ

δxi
= ∂Xj

∂xi

δ

δXj
,

∂

∂pi
= ∂xi

∂Xj

∂

∂Pj
. (9.6)

Most importantly, these two vector fields are related by a map F (δi) = −gij ∂̇j, F (∂̇i) =
gijδj, with δi ≡ δ/δxi, ∂̇i ≡ ∂/∂pi. Thus, the present system admits an almost complex
structure (F 2 = −1), which is precisely the mathematical premise underlying quantum
mechanics – in physicist’s terms: Born reciprocity.
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Crucially, the positional partial derivative is modified, yielding a curvature tensor
on the cotangent bundle [

δ

δxi
,
δ

δxj

]
≡ Rkij

∂

∂pk
, (9.7)

which for Riemannian backgrounds assumes the form

Rkij = pmR
m
kij(x), (9.8)

with the Riemann curvature tensor Rm
kij. Furthermore, by analogy with Riemannian

geometry the antisymmetric part of the nonlinear connection yields the torsion on the
cotangent bundle which is assumed to vanish for the remainder of the present section.
An analogous reasoning leads to the basis of one-forms

dxi, δpi = dpi −Njidxj, (9.9)

which, too, transform as expected

dxi = ∂xi

∂Xj
dXj, δpi = ∂Xj

∂xi
δpj. (9.10)

Here, the symbol δ is to be understood as an exterior covariant derivative. Corres-
pondingly, in d dimensions we can construct the covariant integration measures

√
gddx, 1

√
g
δdp, (9.11)

with the determinant of the covariant metric g = det gij.
From Eqs. (9.5) and (9.11), it is clear, that it is much easier to maintain a position

representation involving only position-dependent wave functions ψ(x) (such that δiψ =
∂iψ) than to deal with the momentum representation. Therefore, unless Nij = 0, e. g.
for purely momentum-dependent metrics, we will mainly restrict ourselves to the the
former case.
Incidentally, this simplification in position space is also why it is possible to deal

with quantum mechanics on Riemannian backgrounds à la deWitt as described in
section 2.3, i. e. without reverting to the nonlinear connection.

9.2. Promoting the volume element to an operator
Clearly, once it depends on positions and momenta, the determinant of the metric being
part of the volume form in the scalar product has to be promoted to an operator

√
ĝddx,

which is assumed to be Hermitian and whose eigenvalues are, by definition, positive.
In order to achieve this in a symmetric way, denote its square root as µ̂(x̂, p̂) ≡ 4

√
ĝ.

Then, the position operator can be defined as (c. f. Eq. (2.15))

x̂i ≡
∫

ddxxi|µ̂x〉〈µ̂x|. (9.12)
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Thus, its eigenstates are of the form |µ̂x〉 = µ̂|x〉 such that x̂i|µ̂x〉 = xi|µ̂x〉. As for
deWitt’s approach, these eigenstates furnish an orthonormal basis, hence satisfying∫

ddx|µ̂x〉〈µ̂x| =1, (9.13)

〈µ̂x|µ̂x′〉 =δd(x− x′), (9.14)

which generalize Eqs. (2.16) and (2.17). Then, every state in the Hilbert space can be
expanded in the given basis, yielding

|ψ〉 =
∫

ddx〈µ̂x|ψ〉|µ̂x〉. (9.15)

Defining the position space wave function as ψ ≡ 〈x|ψ〉, we can express amplitudes
in terms of the wave density Ψ ≡ 〈µ̂x|ψ〉 = µ̂(ψ). Note that we revert to the term
"wave density" because the quantities Φ,Ψ . . . and the equivalents in momentum space
Φ̃, Ψ̃ . . . , defined below, change under coordinate transformations not as scalar func-
tions but as scalar densities of weight 1/2 and −1/2, respectively.
This leads to the corresponding scalar product

〈ψ|φ〉 =
∫

ddx〈ψ|µ̂x〉〈µ̂x|φ〉 (9.16)

≡
∫

ddxΨ∗Φ. (9.17)

Note that if µ̂ = µ̂(x̂), the measure commutes with the position operator, thus ren-
dering both of them simultaneously diagonalisable. Then, |x〉 can be understood as
eigenstate of µ̂, which implies |µ̂x〉 = µ(x)|x〉, recovering the description à la deWitt
(c. f. Eqs. (2.15), (2.16) and (2.17)). As can be inferred from Eq. (9.17), this procedure
provides a map from quantum mechanics on the curved cotangent bundle into ordinary
flat space-quantum mechanics, given the actions of operators on wave densities like Φ
and Ψ.

9.2.1. A note on the momentum representation

As the framework developed in this section is intended to be invariant under coordinate
transformations, the discussion in momentum space is highly nontrivial. In particular,
the measure ddp/√g does not reflect this principle. Instead, equation (9.9) indicates
that the unique covariantly transforming basis of one-forms in momentum space reads

ωi ≡ δpi. (9.18)

However, this set of forms is not closed, i. e. dωi 6= 0, unless Rijk = ∂̇kNij = 0, which
is already violated by a position-dependent metric (c. f. Eq. (9.4)). Thus, they cannot
be exact, a necessary condition for them to be derivable from some new kind of new
phase space coordinate. Therefore, an application of the reasoning introduced above
to momentum space is not immediate. Instead, it seems plausible that a full treatment
will likely require a doubling of the phase space coordinates as in Born geometries [177,
181] or double field theory [596–598]. This line of research will be dealt with in future
work, while we presently restrict ourselves mainly to the position representation.
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There is an exception to this rule, however – if the metric turns out to be purely
momentum-dependent, the nonlinear connection can be chosen to vanish [4, 154, 572],
which leads to a situation in momentum space akin to the problem solved by deWitt
[184]. Yet, it can also be formulated in the new language which is advocated for in the
present work. By analogy with Eq. (9.12), we can then define the momentum operator
as

p̂i =
∫

ddppi|µ̂−1p〉〈µ̂−1p|, (9.19)

whose eigenstates |µ̂−1p〉 obey the relations∫
ddp|µ̂−1p〉〈µ̂−1p| =1, (9.20)

〈µ̂−1p|µ̂−1p′〉 =δd(p− p′). (9.21)

Accordingly, this provides us with the momentum space representation

|ψ〉 =
∫

ddp〈µ̂−1p〉ψ|µ̂−1p〉 ≡
∫

ddpµ̂−1(ψ̃)(p)|µ̂p〉 (9.22)

and, defining ψ̃(p) ≡ 〈p|ψ〉 and Ψ̃(p) ≡ 〈µ̂−1p|ψ〉 = µ̂−1(ψ̃), with the scalar product

〈ψ|φ〉 =
∫

ddp〈ψ|µ̂−1p〉〈µ̂−1p|φ〉 (9.23)

≡
∫

ddpΨ̃∗Φ̃. (9.24)

Before this formalism can be applied to examples, though, it remains to be shown that
this construction is well-defined.

9.2.2. Representations of conjugate operators

The phase space basis displayed in Eq. (9.5) indicates that the momentum operator
ought to be represented in position space as

〈µ̂x|p̂iψ〉 = −iδiΨ(x) = −i∂iΨ(x). (9.25)

In particular, the corresponding commutator with the position operator reads[
xi,−i~δj

]
Ψ = i~

(
δijΨ− ∂̇iNjk∂̇

kΨ
)

= i~δijΨ. (9.26)

Thus, the position and momentum operators continue to satisfy the Heisenberg algebra
(2.12). Furthermore, a general amplitude featuring the momentum operator reads

〈ψ|p̂iφ〉 =
∫

ddxΨ∗ (−i~∂iΦ) , (9.27)

which is trivially symmetric and in the case of a purely position-dependent measure
just recovers the effect of Eq. (2.18).
Analogously, if the metric is purely momentum-dependent, we obtain for the mo-

mentum representation of the position operator

〈µ̂−1p|x̂iψ〉 = x̂iΨ̃ = i~∂̇iΨ̃, (9.28)
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in accordance with Eq. (9.5). Then, the Fourier transform can be generalized such that
it reads

Ψ̃ = 1√
2π~

∫
ddxΨe−i

pix
i

~ , (9.29)

Ψ = 1√
2π~

∫
ddpΨ̃ei

pix
i

~ . (9.30)

Thus, it is at least possible to find a complete picture of quantum mechanics on curved
momentum space, dual to the GUP-formalism.
It is evident that the representations of the position and momentum operators

defined in this section are indeed Hermitian (due to the symmetric choices in Eqs.
(9.12) and (9.19)) and satisfy the canonical commutation relations (2.12). Thus, µ̂,
itself a real function of x̂i and p̂j, can be made Hermitian by suitable symmetriza-
tion and is well-defined modulo operator ordering ambiguities. We conclude that the
procedure outlined above is consistent.

9.2.3. Free particle

The Hamiltonian of a free particle of mass M subject to a general metric gij(x, p)
continues to be of the form Hfp = gijpipj/2M. Recall that the quantum operator
reflecting the Hamiltonian in the position representation is aptly chosen to be the
Laplace-Beltrami operator (2.21) if the metric is solely dependent on the coordinates,
i. e. the particle is living in curved space only. This implies the general amplitude

〈
ψ
∣∣∣Ĥfpφ

〉
= − h2

2M

∫
ddxψ∗∂i

(√
ggij∂jφ

)
. (9.31)

In the more general case treated here, the said amplitude can be naturally generalized
to the form 〈

µ̂x
∣∣∣Ĥfpψ

〉
= − ~2

4M µ̂−1∂i
[
{µ̂2, ĝij}∂j

(
µ̂−1Ψ

)]
, (9.32)

where the metric in its dependence on positions and momenta has been promoted to
a self-adjoint operator, which does not necessarily commute with the square root of
its determinant µ̂2. In other words, we obtain

ĤfpΨ = 1
4M µ̂−1p̂i{µ̂2, ĝij}p̂jµ̂−1Ψ, (9.33)

which, as a symmetric product of symmetric operators, is symmetric. Furthermore, the
expression ĤfpΨ transforms like a scalar density µ̂ multiplying a scalar, i. e. a scalar
density of weight 1/2, as required.
A general amplitude featuring the Hamiltonian of a free particle can thus be ex-

pressed as

〈ψ|Ĥfpφ〉 =− h2

4M

∫
ddxΨ∗µ̂−1∂i

[
{µ̂2, ĝij}∂j

(
µ̂−1Φ

)]
(9.34)

=− h2

4M

∫
ddxψ∗∂i

[
{µ̂2, ĝij}∂jφ

]
, (9.35)
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which in the case of a purely position-dependent metric exactly recovers (9.31).
Having derived the action of the basic operators, these can be used to apply the

framework at hand to classic textbook problems.

9.3. Phenomenology
Classical and quantum gravity corrections to quantum mechanical experiments are
usually negligibly small. For instance, the relative correction of the earth’s gravitational
field to the energy spectrum of the hydrogen atom is of the order 10−38 [599], while the
corresponding magnitude stemming from a Planckian GUP is expected to lie around
10−46 (c. f. table 1). Thus, it suffices to treat the corresponding effects perturbatively,
i. e. we can assume the background to be flat at leading order. If solely position space is
curved, this expansion around a point x0 is, again, given in its simplest form in terms of
Riemann Normal coordinates xi, yielding corrections of second order depending on the
Riemann tensor Rikjl evaluated at x0. When both position and momentum space are
curved, the corresponding curvature tensors (denoted Rikjl in position space and Sikjl
in momentum space) can still be defined even though they may both be position- and
momentum-dependent. Assuming that there is no mixing of positions and momenta to
second order, we then propose an analogous expansion at the point Y0 = (x0, p0) in the
cotangent bundle. As an aside, the low energy limit usually taken when considering
quantum gravity effects would put p0 into the origin of momentum space.
Correspondingly, we can write the metric as

gij ' δij −
1
3
(
Rikjl|Y0x

kxl − S k l
i j |Y0pkpl

)
, (9.36)

where indices are raised and lowered using the flat metric δij. The sign difference
between the correction terms compensates for the fact that gij denotes the inverse of
the metric in momentum space. Note that this difference disappears when considering
the metric as an operator, e. g. in the position space representation.
Therefore, the operator µ̂ has to be expanded too, yielding

µ̂Ψ '
[
1− 1

12
(
Rkl|Y0x

kxl + ~2Skl|Y0∂k∂l
)]

Ψ, (9.37)

with the Ricci tensors in position and momentum space Rij and Sij, respectively. This
results in an expansion of the free particle Hamiltonian

ĤfpΨ '
(
− ~2

2M∆0 + Ĥ
(2)
fp

)
Ψ, (9.38)

Ĥ
(2)
fp Ψ = ~2

6M

[
Rj
i |Y0x

i∂j −Ri j
k l|Y0x

kxl∂i∂j

]
Ψ, (9.39)

with the Laplacian in flat space ∆0, and where we used the symmetries of the curvature
tensors and absorbed a constant tern into a redefinition of the energy – neglecting
gravitational backreaction, only energy differences can be detected.

104



9 Quantum Mechanics on the curved cotangent bundle 105

9.3.1. Perturbation theory

How to deal with nonsingular perturbation theory, which additionally exerts an influ-
ence on the scalar product measure, is explained in detail in appendix B. Fortunately,
written in terms of general wave densities Ψ, this reduces to an instance of ordinary
perturbation theory. Under the assumption that 〈Ψ|Ψ〉 = 〈Ψ(0)|Ψ(0)〉 = 1 we then
obtain ∫

ddxRe
(
Ψ∗(2)Ψ(0)

)
= 0. (9.40)

Say a hermitian operator Ô with discrete eigenvalues λn and eigenstates Ψn (n can
stand for several quantum numbers) is corrected by second-order contributions to the
metric as Ô ' Ô(0) + Ô(2). Then, Eq. (9.40) implies for the corrections λ(2)

n to its
eigenvalues λ(0) that

λ(2)
n =

∫
ddxΨ∗(0)

n Ô(2)Ψ(0)
n . (9.41)

In the given setup Ψ(0) = ψ(0), which is why we can write

λ(2)
n =

∫
ddxψ∗(0)

n Ô(2)ψ(0)
n . (9.42)

Note, though, that this equality is restricted to normal coordinates.

9.3.2. Central potentials in three dimensions

Central potentials are usually expressed in terms of the geodesic distance from the
origin. If only space is curved and in Riemann normal coordinates, this distance just
reads σ = r =

√
xixjδij. This changes, though, once momentum space is allowed to

become nontrivial as well. In general, the geodesic distance from the origin, which in
the given coordinate system coincides with x0, again, satisfies the differential equation

gij∂iσ∂jσ = 1 (9.43)

and the initial condition σ|x0 = 0. In the perturbative case, we then expand σ '
σ(0) +σ(2), with σ(0) = r. Furthermore, linearising Eq. (9.43), we obtain the correction

σ(2) = xixj

6r S k l
i j pkpl. (9.44)

Thus, we shall expand any central potential as

V (σ) = V (r) + V ′(r)
6

xixj

r
S k l
i j |Y0pkpl, (9.45)

which, depending on the background curvature, may cease to be isotropic.
As this potential is both position and momentum-dependent, promoting it to a

hermitian operator is an ambiguous task. The ensuing operator ordering ambiguities
have to be treated with care on a case-by-case basis.
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Isotropic harmonic oscillator

According to Eq. (9.45), the potential of the harmonic oscillator reads

V (σ) ' 1
2Mω2

(
r2 + 1

3x
ixjS k l

i j |Y0pkpl

)
, (9.46)

with the oscillation frequency ω. Taking into account all possible operator orderings
combining the four noncommuting contributions x̂i, x̂j, p̂k, p̂l and after application of
simple algebra, we obtain the correction to the corresponding operator

V̂(2) =1
6Mω2

(
x̂ix̂jS k l

i j |Y0 p̂kp̂l + i~Sji |Y0x̂
ip̂j
)
, (9.47)

where the dependence on the operator ordering is constant and can be removed by
another redefinition of the energy. A close comparison of Eqs. (9.39) and (9.47) makes
apparent that the implications of curvature in both position and momentum space are
analogous and Born reciprocity, a crucial feature of the harmonic oscillator, is restored
in adapted "natural units" (M = ω = 1).
The eigenstates and -values of the unperturbed Hamiltonian describing the har-

monic oscillator Ĥ(0) = Ĥ
(0)
fp + V̂(0) read in the position representation and in spherical

coordinates [83]

ψ
(0)
nlm =Nnlr

le−
Mω
2~ r

2
L
l+1/2
n−l

2

(
Mω

~
r2
)
Y l
m(θ, φ), (9.48)

Nnl =

√√√√√√M3ω3

π~3

2n+3l
2 +3

(
n−l

2

)
!
(
Mω
2~

)l
(2n+ l + 1)!! , (9.49)

E(0)
n =〈ψ(0)

nlm|Ĥ(0)ψ
(0)
nlm〉 = ~ω

(
n+ 3

2

)
, (9.50)

with the generalized Laguerre polynomials Lαn(x), the spherical harmonics Ylm(θ, φ),
and where we introduced the quantum numbers n ≥ 0 (radial), l = n (mod 2), n (mod 2)+
2, . . . n and m = −l,−l + 1, . . . , l (angular). Correspondingly, the curvature in both
position and momentum space induces corrections, which can be calculated according
to Eq. (9.41) as

E
(2)
nlm =

∫
d3xΨ(0)

nlmĤ
(2)Ψ(0)

nlm. (9.51)

These integrals can be solved analytically. The resulting contribution exactly follows
the pattern

E
(2)
nlm = ~ω

6

[(
l(l + 1)− 3m2

)(M~ω
2 Szz + ~2Rzz

2M~ω

)

+m2
(
M~ω

2 S + ~2R

2M~ω

)]∣∣∣∣∣
Y0

, (9.52)

with the Ricci scalars in position and momentum space R and S, respectively. This
has been checked for all quantum numbers up to n = 10.
In general, quantum harmonic oscillators are composite objects. As a reaction to

experimental results in this context [286, 495], it has been pointed out [224, 508] that
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quantum gravity effects as embodied by the GUP do not scale with powers of the
Planck mass but its product with the number of fundamental constituents – an effect
dubbed inverse soccer ball problem in section 3. The corresponding relative corrections
at Planckian-per-constituent momentum space-curvature S ∼ (Nmp)−2, with the ef-
fective number of constituents (elementary particles) contained in the oscillator N,
read for table top experiments

δEnlm ≡
E

(2)
nlm

E
(0)
nlm

∼ M~ω
N2m2

p

+ E2
surf

M~ω
, (9.53)

with the energy scale corresponding to the spatial curvature acting on objects on
the surface of the earth Esurf =

√
R|surf0~ ∼ 10−19eV. Essentially, those effects are

important in reciprocal regimes – classical gravity modifies processes at small energies,
i. e. large distances and oscillation periods, while quantum gravity acts at high energies
or small distances as expected. In particular, in the regime of high frequency and
replacing N = M/m̄c, with the average mass of the constituents m̄c, the corrections
are of the form

δEnlm ∼
~ω
M

m̄2
c

m2
p

. (9.54)

This implies that it is most effective to use probes with high average constituent mass.
Furthermore, the ratio ~ω/M favours microscopic oscillators, i. e. such containing a
small number of constituents. For the applications considered in the literature, e. g.
in Ref. [286], the relative corrections are minute once the number of constituents is
taken into account in the way indicated here, which corresponds to the parameter
α = 1 in Ref. [508]. For example, the setup in Ref. [495] leads to relative corrections
of δEnlm ∼ 10−70.
More importantly, Eq. (9.53) implies that it is impossible to distinguish position from

momentum space-curvature with a single harmonic oscillator of massM and frequency
ω. More precisely, the corrections (9.53) are invariant under the transformation

M~ωSij ←→
~2Rij

M~ω
, (9.55)

which is clearly reminiscent of T-duality in string theory [218], connecting the low and
high energy behaviour. This is not the first time T-duality has been encountered in
the context of the curved cotangent bundle. In fact, it is manifest and as such one of
the defining features of metastring theory and its underlying Born geometry [177–181].
Thus, according to Eq. (9.53), the harmonic oscillator maintains its Born reciprocal
property on arbitrary nontrivial backgrounds.
In a nutshell, under the assumption of a reciprocal Hamiltonian like the isotropic

harmonic oscillator, we exactly obtain the behaviour, Born was striving for, when
trying to merge quantum theory with general relativity through the curved cotangent
bundle.
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Coulomb potential

The coulomb potential, describing a hydrogenic atom, is corrected in a way similar to
the isotropic harmonic oscillator. Again using Eq. (9.45), it reads to second order

V (σ) ' Zα~
r

(
1− 1

6S
k l
i j |Y0

xixj

r2 pkpl

)
, (9.56)

with the fine-structure constant α ' 1/137 and the number of elementary charges
in the origin Z. The corresponding quantum operator can be found unambiguously
under the assumption that a perturbative treatment is indeed possible: The correc-
tions induced by terms, which are dependent on the ordering, scale as r̂−3. Thus,
the corresponding expectation values with respect to the unperturbed eigenstates of
the Hamiltonian diverge. These contributions to the potential are clearly too sin-
gular. Hence, omitting them is equivalent to renormalizing the problem. In short, the
quantum operator representing the corrections to the potential may be unambiguously
expressed as

V̂(2) = −Zα~6r̂3

(
S k l
i j |Y0x̂

ix̂j p̂kp̂l + i~Sji |Y0x̂
ip̂j
)
. (9.57)

The unperturbed version of this problem leads to the eigenstates and -values [83]

ψ
(0)
nlm =Nnl

(
2nr
a∗0

)l
e
−nr
a∗0 L2l+1

n−l−1

(
2nr
a∗0

)
Y l
m(θ, φ), (9.58)

Nnl =

√√√√( 2
na∗0

)3 (n− l − 1)!
2n(n+ l)! , (9.59)

E(0)
n =− Z2α4M

2n2 , (9.60)

with the reduced Bohr radius a∗0 = ~/ZαM and the quantum numbers n > 0, l =
0, 1, . . . , n and m = −l,−l = 1, . . . , l.
By analogy with the treatment of the harmonic oscillator, the following pattern,

found for the corrections to the energy eigenvalues, has been verified for all quantum
numbers until n = 10. On the one hand, we obtain

E
(2)
n00 = 0. (9.61)

On the other hand, if l 6= 0, the resulting corrections read

E
(2)
nlm =M6

[(
l(l + 1)− 3m2

)(
ClnM

2Szz + ~2Rzz

2M2

)

+m2
(
ClnM

2S + ~2R

2M2

)]∣∣∣∣∣
Y0

, (9.62)

where we defined the function of the quantum numbers

Cnl = − Z2α4

n3l(l + 1)(2l + 1) . (9.63)
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Again, the curvature of space acts most strongly on large length scales (small M)
while the curvature in momentum space is most effective for small distances (large
M). Neglecting the contribution of the spatial curvature, the effect is largest for n = 2,
l = 1 and m = 0. At Planckian curvature Sij ∼ m2

p, i. e. assuming that M reflects the
mass of a elementary particle, the relative correction to the energy is of the order

δEnlm ∼
M2

m2
p

. (9.64)

For the hydrogen atom, where M denotes the mass of the electron, this corresponds
to a value δEnlm ∼ 10−44 as had been reported before in the context of the GUP [491,
493, 520]. This result can be improved upon by applying it to more massive charged
particles such as the W±, yielding δEnlm ∼ 10−35.
Over all, the ensuing corrections (9.62) bear much resemblance to those appearing

in the context of the harmonic oscillator (9.52). For fixed n and l, there continues to
be an invariance under the transformation

CnlM
2Sij ←→

~2Rij

2M2 , (9.65)

which, considering the inverse scaling with the squared mass, again has a taste of T-
duality. However, taking into account states of distinct l and/ or n, this symmetry is
broken in general – a hydrogenic atom could clearly be used as a means of discrimin-
ating between curvature in position and momentum space. In particular, the resulting
changes induced by momentum space-curvature strongly decay towards higher values
of n and l and vanish for l = 0. Clearly, it is the Hamiltonian that explicitly breaks
Born reciprocity, thereby also breaking the T-duality-like invariance.

9.4. Summary
The duality between GUP-deformed quantum mechanics and nontrivial momentum
space found in the preceding section necessitate the creation of a formalism capable
of describing quantum mechanics on background metrics, which are simultaneously
position- and momentum-dependent. In particular, an approach alike is required to
investigate the position representation of quantum mechanics on a nontrivial mo-
mentum space. Furthermore, such a formalism would set the stage to find position
and momentum representations of the GEUP, a task which had proven illusive thus
far.
The present section marks a first step towards such a description, taking a rather

intuitive route. In particular, the Hilbert space measure, derived from the metric á
la DeWitt [184], has been promoted to an operator. It has been subsequently split
into two pieces and merged symmetrically with the wave functions entering the scalar
product, thus yielding wave densities as in the geometric quantization program [185].
Resultingly, under the assumption that they comply with the geometrical modifications
to derivatives derived from the nonlinear connection on the curved cotangent bundle,
we have defined the momentum operator in the position representation by analogy
with its Euclidean counterpart. Furthermore, we have found a representation of the
Hamiltonian of a free particle and, analogously, the geodesic distance to the origin.
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This has made it possible to investigate a metric, which was defined by an expansion
similar to Riemann normal coordinates in position and momentum space. After a short
discussion of perturbation theory in this context, we have applied the formalism to
two central potentials, the harmonic oscillator and the hydrogenic atom. As a result,
we have analytically obtained corrections to the eigenvalues of the Hamiltonian in
terms of the Ricci scalars and tensors in position and momentum space. Interestingly,
given the right choice of ordering, the isotropic harmonic oscillator retains its symmetry
between positions and momenta, thus, in principle, making it impossible to distinguish
between curvature in position and momentum space. Resultingly, we have achieved
an instantiation of Born reciprocity in quantum mechanics on the curved cotangent
bundle - exactly as intended by Born [156, 157]. This property is accompanied by a T-
duality-like behaviour of the ensuing relative corrections to the energies of stationary
states. Thus, the findings presented in this section corroborate the relation between
T-duality, Born reciprocity and the curved cotangent bundle manifest in metastring
theory and Born geometries [177–181].
These encouraging results will make it possible to investigate the position repres-

entation of theories of curved momentum space dual to noncommutative geometries
and GUPs, i. e. instances of quantum spaces. Furthermore, it would be interesting to
see, whether it is possible to describe theories of GEUP-deformed quantum mechanics
in this language. These ideas will be the subject of future research.
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10. Conclusion
This thesis has been aimed at investigating the relation between modified Heisenberg
algebras, i. e. GUPs and EUPs, and non-Euclidean background manifolds, i. e. curved
position and momentum space, in quantum mechanics. Along these lines, we have
obtained a number important results, which merit being enumerated in the present
section – the most important ones, in the author’s view, are displayed in boldface.

• A relativistic EUP can be derived from semiclassical gravity alone
without prior modification of the canonical commutation relations.

Assuming that wave functions in the studied Hilbert space are constrained to a geodesic
ball, we have found a global lower bound on the standard deviation of the momentum
operator, suitably formulated in curved space, as a function of the radius of the said
ball, thus yielding the desired uncertainty relation. This inequality has been success-
ively generalized to curved spacetime and relativistic particles making use of the ADM-
decomposition. Thus, we have explicitly related semiclassical Einstein-type gravity to
the EUP. As a result, we have quantified corrections to the relation in flat space,
which depend on the curvature scalar of the effective spatial metric, the lapse function
and the shift vector as well as their covariant derivatives. Interestingly, all relativistic
contributions depend on the shift vector, i. e. for static backgrounds in the common
slicings the full relation survives the nonrelativistic limit. Furthermore, they do not
diverge in the limit of vanishing mass. As a result, they equally apply to massless
particles.

• Event horizons have analogous curvature-induced contributions.

We have studied the previously derived, admittedly involved, EUP for a number of
important physical applications. In particular, the corresponding expressions for accel-
erated particles as well as such subject to the gravitational influence of massive bodies
as described by the Schwarzschild metric and those surrounded by a cosmological
horizon have turned out almost identical.

• Phenomenologically, astrophysical corrections to the uncertainty relation are
dominant over cosmological ones.

We have further estimated that the EUP induced by the cosmological horizon is neg-
ligible in comparison to the contribution from the earth’s gravitational field up to
distances far beyond the next star system, Alpha Centauri. This is clearly of im-
portance for phenomenological applications, contributions to which stemming from
astrophysical sources had been consistently ignored before.

• Relativistic corrections may be dominant for light particles in rotating space-
times.

We have further investigated metrics containing nonvanishing space-time components,
i. e. the type usually describing rotating backgrounds. After dealing with the Gödel
universe, we have calculated the contribution of rotating sources in general relativity
as well as Stelle- and infinite derivative gravity. In the former case, we have displayed
the evolution of an object in an eccentric orbit around a fast rotating black hole and
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the resulting deviation from the uncertainty relation in flat space. Comparing the
nonrelativistic to the relativistic contributions for light particles we have shown that
the latter cannot be neglected in the regime of strong curvature.

• There is an explicit duality between theories exhibiting GUPs and
quantum dynamics on non-Euclidean momentum space.

Motivated by the previous results, we have followed the inverse approach to relate the
GUP and curved momentum space. Specifically, we have found new conjugate vari-
ables, i. e. such which obey the canonical commutation relations, for GUP-deformed
quantum systems including noncommutative geometries. In this new, dual formulation,
we have identified the quantum dynamics of a particle moving on nontrivial momentum
space. In particular, we have explicitly obtained the momentum-dependent metric
corresponding to an arbitrary GUP. We have, thus, established a duality between
nontrivial momentum space and GUP-deformed quantum mechanics. Hence, we have
found that the physics of general GEUPs is characterized by the curved cotangent
bundle.

• Coordinate noncommutativity implies momentum space curvature.

Applying this formalism to the most commonly invoked quadratic GUP, we have shown
that the resulting curvature tensor is precisely proportional to the noncommutativity
of the original coordinates. However, as the Hamiltonian is not invariant under diffeo-
morphisms in momentum space, commutative coordinates do not imply an Euclidean
background. In this case, the GUP is reflected in a different momentum space basis,
whose deviation from the trivial counterpart is measured by an additional scalar de-
rived from the Cartan tensor. Finally, we have constrained this quantity as well as the
curvature in momentum space on the basis of already existing bounds in the literature
on the commutative GUP and noncommutative geometry, respectively.

• Quantum mechanics can be consistently defined on the curved cotangent bundle.

To the knowledge of the author, there had not been a consistent formulation of
quantum mechanics in these kinds of backgrounds, i. e. when the metric is a function of
both positions and momenta, even though the preceding results had clearly indicated
a need for such a description, e. g. when dealing with the position representation of the
GUP, going beyond Cartesian coordinates or describing GEUPs. Therefore, we have
made a first step towards identifying the position representation on arbitrary back-
grounds. In particular, we have promoted the Hilbert space scalar product measure
to an operator and merged it with the wave functions. As a result, the position and
momentum space representations of the momentum as well as the position operator
have turned out to be particularly simple. The same has held for the free particle
Hamiltonian and the geodesic distance operator. Assuming that the scalar product of
position and momentum eigenstates continue to be plane waves, we have manifested
the consistency of the approach.

• The harmonic oscillator allows for a Born reciprocal description also in the con-
text of curved spaces.
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Expanding a general metric in Riemann normal coordinate-like variables in position
and momentum space, implying curvature in both, we have applied the resulting form-
alism to the hydrogenic atom as well as the harmonic oscillator, and found the corres-
ponding corrections to the spectrum of the Hamiltonian. Interestingly, after suitable
choice of operator ordering, the resulting contributions to the harmonic oscillator, the
only inherently Born reciprocal system usually used in nonrelativistic mechanics, are
such that it is impossible to distinguish between curvature in position and momentum
space. Hence, we have discovered an instantiation of exact Born reciprocity on the
curved cotangent bundle which presents itself as a T-duality-like structure of the said
corrections.
In the introduction we posed the central question – can we establish curved mo-

mentum space as the overarching principle connecting all areas of quantum gravity
phenomenology related to the minimum length? We have come a long way in show-
ing that this concept is indeed underlying the missing puzzle piece, the GUP. Similar
considerations hold for the EUP and curved spacetime. Therefore, not unexpectedly,
our answer is in the affirmative. As this thesis corroborates, if we accept the concept
of minimum length, in the low-energy regime the tale of quantum gravity is written
in the language of curved momentum space.
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Appendices

A. Evaluation of MaxRe
[
eiφ〈ψn′l′m′|π̂/πψnlm〉

]2 in flat space
In order to be able to evaluate the expectation value of the momentum operator with
respect to a general state Ψ written in the basis of the Laplacian (see Eq. (4.8)),
we need to compute the transition amplitudes 〈ψn′ |π̂/πψn〉. In particular, confined to
geodesic balls of radius ρ and on a flat three-dimensional background they read

〈ψn′l′m′|π̂/πψnlm〉 =
∫
Bρ

dµψ∗n′l′m′ π̂/πψnlm, (A.1)

where the functions ψnlm were defined in Eq. (4.26).
According to Eq. (4.12), those amplitudes evidently vanish if n′ = n, l′ = l and

m′ = m. To be more precise, this result can be extended to cases where m′ 6= m.
Having in mind that non-vanishing ∆m ≡ m′ −m leads to a phase difference ψnlm =
exp i∆mγψnlm′ , the only possible change in the transition amplitude has to stem from
derivatives with respect to the coordinate γ. Due to the proportionality

∂γψnlm ∝ ψnlm, (A.2)

we infer that the relevant integrals, i. e. the ones which could prevent the transition
amplitude from vanishing, share the behaviour∫ 2π

0
e−i∆mγ sin γdγ =

∫ 2π

0
e−i∆mγ cos γdγ = 0, (A.3)

where the last equality holds irrespective of the value of ∆m. Thus, varying ∆m does
not change the transition amplitude, yielding

〈ψnlm′|π̂/πψnlm〉 = 0. (A.4)

As the eigenvalues of the Laplacian are functions of the quantum numbers l and
m (c. f. Eq. (4.27)), the remaining transition amplitudes feature states with distinct
eigenvalues. The evaluation of those can be simplified considering a different amplitude〈

ψn′l′m′
∣∣∣π̂/π3ψnlm

〉
=− ~2λnl〈π̂/π〉 (A.5)

=− ~2λn′l′〈π̂/π〉 − ~3
∫
Bρ

dµ∂j
[(
−i/∂ψn′l′m′

)∗
∂jψnlm

]
, (A.6)

where the boundary condition (4.7b) has been applied. The last term, being a total
derivative, can be turned into a surface integral by Stokes’ theorem such that we can
rewrite Eq. (A.6) as

〈π̂/π〉 = ~
λnl − λn′l′

∫
∂Bρ

dµ̃
(
−i/∂ψn′l′m′

)∗
nj∂jψnlm (A.7)

= σ2~
λnl − λn′l′

∫
S2

dΩ
(
−i/∂ψn′l′m′

)∗
∂σψnlm

∣∣∣∣
σ=ρ

, (A.8)
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with the determinant of the induced metric on the surface of the geodesic ball, which
in spherical coordinates is proportional the volume element of the two-sphere S2 (of
radius σ) dµ̃ = σ2dΩ = σ2 sinχdχdγ, and the outward normal ni = δiσ. Writing the
basis states decomposed in terms of their radial and angular parts,

Rnl(σ) =
√

2
ρ3j2

l+1(jl,n)jl
(
jl,n

σ

ρ

)
(A.9)

and Y l
m(χ, γ) respectively, Eq. (A.8) can be reexpressed as

〈ψn′l′m′|π̂/πψnlm〉 = − iρ2~
λnl − λn′l′

∂σRn′l′∂σRnl

∣∣∣
σ=ρ

∫
dΩγσ

(
Y l′

m′

)∗
Y l
m, (A.10)

where γσ = γal
a in the sense of section 4.1.1 denotes the unit radial vector (la being

defined in Eq. (4.77)) and we used the boundary condition (4.7b), yielding Rnl|σ=ρ = 0.
Without loss of generality, we can choose l ≥ l′ because the inverse case can be obtained
from this one by complex conjugation. Then the remaining integral can be calculated
explicitly, resulting in the expression∫

dΩγσ
(
Y l′

m′

)∗
Y l
m =δl+1

l′

[
s−1
l′m′δ

m+1
m′ (−γx + iγy)

+s1
l′m′δ

m−1
m′ (γx + iγy) + is0

l′m′δ
m
m′γz

]
, (A.11)

where we introduced the unit vectors in x, y and z directions denoted γx, γy and γz,
respectively, and the sequences s∆m

lm

s0
lm =

√√√√(l + 1)2 −m2

4(l + 1)2 − 1 , (A.12)

s±1
lm =1

2

√√√√(1 + l ∓m)(2 + l ∓m)
3 + 4l(2 + l) . (A.13)

Formulated explicitly, a general transition amplitude featuring the momentum oper-
ator reads

〈ψn′l′m′|π̂/πψnlm〉 = ρ2~
λn′l′ − λnl

∂σRn′l′∂σRnl

∣∣∣
σ=ρ

{
× δl+1

l′

[
s1
l′m′δ

m+1
m′ (iγx + γy) + s−1

l′m′δ
m−1
m′ (−iγx + γy) + is0

l′m′δ
m
m′γz

]
+ δll′+1

[
s1
lmδ

m
m′+1 (−iγx + γy) + s−1

lmδ
m
m′−1 (iγx + γy)− is0

l′m′δ
m
m′γz

] }
.

(A.14)

115



Appendices 116

Furthermore, the square of its maximal real part including a relative phase φ becomes

MaxRe
[
eiφ〈ψn′l′m′ |π̂/πψnlm〉

]2
=
(

ρ2~
λn′l′ − λnl

∂σRn′l′∂σRnl|σ=ρ

)2

× δl+1
l′

[(
s1
l′m′

)2
δm+1
m′ +

(
s−1
l′m′

)2
δm−1
m′ +

(
s0
l′m′

)2
δmm′

]
× δll′+1

[(
s1
lm

)2
δmm′+1 +

(
s−1
lm

)2
δmm′−1 +

(
s0
lm

)2
δmm′

]
.

(A.15)

Introducing the sign function sgn(x), which equals one for x > 0 and negative one for
x < 0, we can readily evaluate

∂σRnl|σ=ρ = sgn [jl+1 (jl,n)]
√

2λnl/ρ3, (A.16)

and estimate 0 < s±1
lm , s

0
lm < 1/2. This implies for Eq. (A.15) that

MaxRe
[
eiφ〈ψn′l′m′ |π̂/πψnlm〉

]2
≤~2

ρ2
λnlλn′l′

(λn′l′ − λnl)2

[
δl
′+1
l

(
δm+1
m′ + δm−1

m′ + δmm′
)

+δl′l+1

(
δmm′+1 + δmm′−1 + δmm′

)]
. (A.17)

B. Measure changing nonsingular perturbation theory to 2nd order
Consider an operator Ô with domain D acting on the Hilbert space H = L2(D ⊆
IR3,dµ), which is self-adjoint with respect to the measure dµ. Then, it satisfies the
eigenvalue equation

Ôψn = λnψn in D, (B.1)
ψn = 0 on ∂D, (B.2)

with its eigenvalues λn and eigenvectors ψn (n may stand for multiple quantum num-
bers), which are assumed to be normalized such that

〈ψn|ψn〉 ≡
∫
D

dµψ†nψn = 1. (B.3)

Further assume that the operator can be expanded perturbatively as

Ô =
∞∑
N=0

εNÔ(N), (B.4)

with ε� 1 and where all operators Ô(N) are Ô(0)-bounded. The latter is denotes the
unperturbed operator whose eigenvalues and -vectors are assumed to be known. This
is the starting point for perturbation theory in quantum mechanics.
A perturbative treatment of the eigenvalue problem (B.1) can be complicated by

the fact that the unperturbed operator might not be self-adjoint with respect to the

116



Appendices 117

measure µ. Instead, it may be self-adjoint with respect to a measure dµ0. In usual
introductions to perturbation theory dµ = dµ0 is assumed.
Yet, this is not generally the case. In principle, the measures may be related as

dµ(x) = dµ0(x)a2(x), (B.5)

with a positive non-vanishing function of the coordinates a2(x). A simplifying as-
sumption that has to be made here requires that the function a2(x) may be expanded
perturbatively as

a2(x) = 1 +
∞∑
N=1

a2
N(x). (B.6)

It is questionable whether this problem is solvable or even mathematically well defined
without this additional assumption. Anyway, it certainly applies to the physical ex-
ample studied in section 4.2.3. Expanding a2(x) as in Eq. (B.6) is equivalent to intro-
ducing a perturbed scalar product as

〈ψ|φ〉 =
∞∑
N=0
〈ψ|φ〉N . (B.7)

Additionally, we assume the spectrum of Ô(0) to be discrete, i. e. we consider non-
singular perturbation theory. The formalism could be straightforwardly generalised to
the singular case, which is, however, not needed at this point. By virtue of Eq. (B.6)
the unperturbed operator is almost self-adjoint, meaning that the non-self-adjointness
is of higher order, i. e. 〈

ψ
∣∣∣Ô(0)φ

〉
0

=
〈
Ô(0)ψ

∣∣∣φ〉
0
. (B.8)

In fact, the eigenvectors of the unperturbed operator ψ(0)
n can be normalized (without

loss of generality) as
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
0

= 1. Thus, they span an orthonormal basis of the
Hilbert space corresponding to the unperturbed problemH0 = L2(D ⊆ IR3,dµ0), while
the eigenvectors of the full operator ψn span an orthonormal basis of H. Hence, we
can expand

ψ(i)
n =

∑
m

c(i)
nmψm (B.9)

=
∑
m

c(1)
nmψ

(0)
m +O(|g(1)|), (B.10)

with the complex ith-order coefficients c(i)
nm. In particular, we approximate

ψ(1)
n '

∑
m

c(1)
nmψ

(0)
m . (B.11)

117



Appendices 118

Furthermore, from Eq. (B.3) and the normalization of ψ(0)
n , we deduce〈

ψ(1)
n

∣∣∣ψ(0)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(1)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
1

= 0, (B.12)〈
ψ(2)
n

∣∣∣ψ(0)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(2)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
2

+
〈
ψ(1)
n

∣∣∣ψ(1)
n

〉
0

+
〈
ψ(1)
n

∣∣∣ψ(0)
n

〉
1

+
〈
ψ(0)
n

∣∣∣ψ(1)
n

〉
1

= 0. (B.13)

The first of these relations Eq. (B.12) translates to

Re
(
c(1)
nn

)
= −1

2
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
1
, (B.14)

which yields without loss of generality (discarding a global phase)

c(1)
nn = −1

2
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
1
. (B.15)

At this point, we see the first influence of the non-self-adjointness of Ô(0) : The first
order eigenvectors cannot be taken to be orthogonal to the unperturbed ones because
they amongst themselves are only orthogonal to 0th order, i. e.〈

ψ(0)
n |ψ(0)

m

∣∣∣=〉δnm +O(|g(1)|). (B.16)

Perturbing Eq. (B.1) yields order by order

O(1)

(
Ô(0) − λ(0)

n

)
ψ(0)
n = 0

∣∣∣
D
,

ψ(0)
n = 0

∣∣∣
∂D
,

(B.17)

O(ε)

(
Ô(0) − λ(0)

n

)
ψ(1)
n = −

(
Ô(1) − λ(1)

n

)
ψ(0)
n

∣∣∣
D
,

ψ(1)
n = 0

∣∣∣
∂D
,

(B.18)

O(ε2)

(
Ô(0) − λ(0)

n

)
ψ(2)
n = −

(
Ô(2) − λ(2)

n

)
ψ(0)
n −

(
Ô(1) − λ(1)

n

)
ψ(1)
n

∣∣∣
D
,

ψ(2)
n = 0

∣∣∣
∂D
.

(B.19)

These equations will now be contracted with 〈ψm| for some m. The case m = n yields
the corrections to the eigenvalues while the coefficients c(1)

nm can be determined from
the opposite case. Note that said contraction shifts the order of perturbation of some
terms due to the expansion not only of ψm but also of the scalar product.
The zeroth-order part corresponds to solving the unperturbed eigenvalue problem

because

λ(0)
n =

〈
ψ(0)
n

∣∣∣Ô(0)ψ(0)
n

〉
0

(B.20)
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takes place entirely within H0. Furthermore, the first-order corrections to the eigen-
values read (applying Eq. (B.17))

λ(1)
n =

〈
ψ(1)
n

∣∣∣Ô(0)ψ(0)
n

〉
0

+
〈
ψ(0)
n

∣∣∣Ô(0)ψ(1)
n

〉
0

+
〈
ψ(0)
n

∣∣∣Ô(0)ψ(0)
n

〉
1

+
〈
ψ(0)
n

∣∣∣Ô(1)ψ(0)
n

〉
0
(B.21)

=λ(0)
(〈
ψ(1)
n

∣∣∣ψ(0)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(1)
n

〉
0

+
〈
ψ(0)
n

∣∣∣ψ(0)
n

〉
1

)
+
〈
ψ(0)
n

∣∣∣Ô(1)ψ(0)
n

〉
0
, (B.22)

which with Eq. (B.12) becomes

λ(1)
n =

〈
ψ(0)
n

∣∣∣Ô(1)ψ(0)
n

〉
0
. (B.23)

Hence, Ô(0), not being self-adjoint, does not significantly change the first-order contri-
bution to the eigenvalues. However, the expectation value is taken with respect to the
measure dµ0. Contracting the eigenvalue problem with 〈ψm|, while assuming n 6= m,
yields, after some algebra and applying Eq. (B.18),

c(1)
nm =

〈
ψ(0)
m

∣∣∣Ô(1)ψ(0)
n

〉
0

λ
(0)
n − λ(0)

m

for n 6= m. (B.24)

Again, this is equivalent to the case where Ô(0) is self-adjoint and the amplitude is
calculated with respect to the unperturbed measure. Thus, to first order the only
clearly visible change is in the coefficient c(1)

nn according to Eq. (B.15).
Analogously, the second-order correction to the eigenvalues reads after application

of Eqs. (B.13) and (B.17)

λ(2)
n =

〈
ψ(0)
n

∣∣∣Ô(2)ψ(0)
n

〉
0

+
〈
ψ(0)
n
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1

+
〈
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n

∣∣∣Ô(1)ψ(0)
n

〉
0

+
〈
ψ(0)
n

∣∣∣Ô(1)ψ(1)
n

〉
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〈
ψ(1)
n

∣∣∣(Ô(0) − λ(0)
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)
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n

〉
0

+
〈
ψ(0)
n

∣∣∣(Ô(0) − λ(0)
n

)
ψ(1)
n

〉
1
. (B.25)

Finally, expanding ψ(1)
n as in Eq. (B.11) and applying Eqs. (B.15), (B.16) and (B.24),

this equation can be expressed in terms of already known quantities

λ(2)
n =

〈
ψ(0)
n

∣∣∣Ô(2)ψ(0)
n

〉
0

+
∑
m6=n

〈
ψ(0)
m

∣∣∣Ô(1)ψ(0)
n

〉
0
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ψ(0)
n

∣∣∣Ô(1)ψ(0)
m

〉
0

λ
(0)
n − λ(0)

m

+
〈
ψ(0)
n

∣∣∣Ô(1)ψ(0)
n

〉
1

−
∑
m

〈
ψ(0)
m

∣∣∣Ô(1)ψ(0)
n

〉
0

〈
ψ(0)
n

∣∣∣ψ(0)
m

〉
1
. (B.26)

The first two terms of this equation appear in usual perturbation theory as well,
which is indicated by the fact that they are evaluated with respect to the unperturbed
measure, while the last two are entirely new, a fact that can be inferred from the
higher-order scalar products they are featuring. Thus, the change in the measure has
a strong effect on the second-order eigenvalues and cannot be neglected.
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C. Higher-order corrections to the asymptotic uncertainty relation
In this appendix we expand upon the perturbative derivation of the asymptotic un-
certainty relation in section 4.2.3 to get to fourth order, thereby explaining the origin
of the mathematical constant ξ. In principle, the required math is the same as in the
text although the calculations get rather lengthy and can in their entirety only be
performed numerically. The Riemann normal coordinate expansion approximates the
metric to fourth order as [540]

gij 'eai ebj
[
δab −

1
3Racbd|p0x

cxd − 1
6∇eRacbd|p0x

cxdxe

+
( 2

45RacdgR
g

bef |p0 −
1
20∇e∇fRacbd|p0

)
xcxdxexf

]
. (C.1)

Furthermore, the determinant of the metric equals to second order

√
g ' 1− 1

3Rab|p0x
axb. (C.2)

As was touched upon in section 4.2.4, the symmetries of the Riemann tensor imply that
spherical coordinates constructed around p0 are automatically geodesic coordinates. In
other words, Eq. (C.1) already satisfies Eq. (4.72). Accordingly, the higher-order con-
tributions to the part of the Laplace-Beltrami-operator acting on the state saturating
the uncertainty relation ψ(0)

100(σ) read

∆(3)ψ
(0)
100 = −σ

2

4 ∇cψ
(0)
100Rab|p0l

alblc∂σ, (C.3)

∆(4)ψ
(0)
100 = −σ

3

5 Rabcd|p0l
alblcld∂σψ

(0)
100, (C.4)

where we defined for simplicity

Rabcd ≡
1
9R

e f
a bRecfd + 1

2∇c∇dRab. (C.5)

As there is no first-order contribution to the metric, the third-order correction can be
treated as if it was of first order, while the fourth-order contribution can be understood
to be of second order in the sense of appendix B. Hence, the third-order correction
reads

λ
(3)
100 =

〈
ψ

(0)
100

∣∣∣p̂2
(3)ψ

(0)
100

〉
0
/~2 (C.6)

=
∫ ρ

0
dσσ

4

4 ψ
(0)
100∂σψ

(0)
100

∫
S2

dΩ∇cRab|p0l
alblc (C.7)

= 0, (C.8)
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where the last equality stems from the fact that the angular integral vanishes. Thus,
the role of the next-to-leading order is played by the fourth one. According to Eq.
(B.26), the corresponding eigenvalue reads

λ
(4)
100 =~−2

〈ψ(0)
100

∣∣∣p̂2
(4)ψ

(0)
100

〉
0
− ~−2 ∑
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nlm
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nlm
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λ
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,

+
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ψ
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∑
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〈
ψ
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nlm
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(2)ψ

(0)
100

〉
0

〈
ψ

(0)
100

∣∣∣ψ(0)
nlm

〉
2

. (C.9)

In order to be able to compute the values of the terms which are not summed over,
we need the following integrals

∫ ρ

0
dσσ5ψ

(0)
100∂σψ

(0)
100 = 5(3− 2π2)

48π3 (C.10)∫
S2

dΩlalblcld = 4π
15
(
δabδcd + δacδbd + δadδbc

)
. (C.11)

Furthermore, in three dimensions the Riemann tensor can be expressed in terms of
the Ricci tensor and the metric (note that at p0 we have gab = δab) as

Rabcd|p0 =δacRbd|p0 − δadRbc|p0 − δbcRad|p0 + δbdRac|p0 −
R|p0

2 (δacδbd − δadδbc) , (C.12)

and by the contracted Bianchi identity

∇c∇dRab|p0

(
δabδcd + δacδbd + δadδbc

)
= 3∆R|p0 . (C.13)

Combining these, we obtain

〈
ψ

(0)
100

∣∣∣∆(4)ψ
(0)
100

〉
0

=ρ2 3− 2π2

120π2

− R2|p0

9 + 14
27R

abRab|p0 + ∆R|p0

, (C.14)

〈
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100

∣∣∣∆(2)ψ
(0)
100

〉
2

=ρ2 3− 2π2

648π2

(
R2|p0 + 2RabRab|p0

)
. (C.15)

Concerning the sums in Eq. (C.9), both
〈
ψ

(0)
nlm

∣∣∣∆(2)ψ
(0)
100

〉
0
and

〈
ψ

(0)
100

∣∣∣ψ(0)
nlm

〉
2
only give

non-vanishing contributions if l = m = 0 or l = 2, m = −2,−1, 0, 1, 2. The exact limits
of these sums are not known (the summands are intricate terms containing spherical
Bessel functions evaluated at special zeros of other Bessel functions). Yet, they show
fast convergence and can thus be obtained numerically. Consider the quantity

Slm =
∞∑
n=2
−~−2

−
〈
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(0)
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(2)ψ
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100
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ψ
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nlm
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 .
(C.16)
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Using this notation, we can express the fourth-order contribution to the eigenvalue as

λ
(4)
100 =~−2

(〈
ψ

(0)
100
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(4)ψ

(0)
100

〉
0

+
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(0)
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(0)
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〉
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)
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(2)
100

〈
ψ

(0)
100

∣∣∣ψ(0)
100

〉
2

+ S00 +
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m=−2
S2m.

(C.17)

Computing the remaining terms, we obtain

λ
(2)
100

〈
ψ

(0)
100

∣∣∣ψ(0)
100

〉
2

= 3− 2π2

648π2 R2|p0 , (C.18)

S00 = 3− 2π2

1944π2 R
2|p0 , (C.19)

S20 = −S2c

3 (T ab20Rab|p0)2, (C.20)

S21 + S2−1 = −S2c|T ab21Rab|p0 |2, (C.21)
S22 + S2−2 = −S2c|T ab20Rab|p0|2, (C.22)

where we introduced the matrices

T ab20 = Diag(1, 1,−2), (C.23)

T ab21 =

0 0 1
0 0 i
1 i 0

 , (C.24)

T ab22 =

1 i 0
i −1 0
0 0 0

 , (C.25)

and the newly introduced numerical constant S2c ' 6 ∗ 10−3. As the matrices (C.23),
(C.24) and (C.25) are not tensors, the contributions S20, S21 and S22 are not scal-
ars. The reason for this unusual behaviour lies in the fact that ∆(2) and 〈, 〉2 are by
themselves not scalar quantities. However, summed up they yield

2∑
m=−2

S2m = S2c

(
R2

6 −
RabRab

2

)
, (C.26)

which is a scalar as expected. Finally, plugging all terms into Eq. (C.17), we obtain
the fourth-order contribution to the eigenvalue

λ
(4)
100 = −ρ2

[
η1
(
3RabR

ab −R2
)

+ η2∆R
]∣∣∣
p0
, (C.27)

where we introduced the numerical constants

η1 ' 3.0 ∗ 10−3, (C.28)

η2 = 2π2 − 3
120π2 . (C.29)
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Hence, we can approximately say that

η ≡ 72η1 ' 15η2. (C.30)

Furthermore, the result can be expressed in terms of the zeroth-order Cartan invariant
Ψ2, which in three dimensions reads [541]

Ψ 2
2 = 3RabRab −R2

72 , (C.31)

thus yielding

λ
(4)
100 ' −ρ2η

(
Ψ 2

2 + ∆R
15

) ∣∣∣∣∣∣
p0

, (C.32)

with the numerical constant

η = 2π2 − 3
8π2 . (C.33)

This concludes our treatment of the extended uncertainty relation to fourth order.
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